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Abstract. We consider the problem of finding weights and biases for a two-layer
fully connected neural network to fit a given set of data points as well as possible, also
known as EmpiricalRiskMinimization. Ourmain result is that the associated decision
problem is ∃ℝ-complete, that is, polynomial-time equivalent to determining whether
a multivariate polynomial with integer coefficients has any real roots. Furthermore,
we prove that algebraic numbers of arbitrarily large degree are required as weights to
be able to train some instances to optimality, even if all data points are rational. Our
result already applies to fully connected instances with two inputs, two outputs, and
one hidden layer of ReLU neurons. Thereby, we strengthen a result by Abrahamsen,
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Kleist, and Miltzow (NeurIPS’21). A consequence of this is that a combinatorial
search algorithm like the one by Arora, Basu, Mianjy, and Mukherjee (ICLR’18) is
impossible for networks with more than one output dimension, unless NP = ∃ℝ.

1 Introduction

The use of neural networks in modern computer science is ubiquitous. They are arguably the
most powerful tool at our disposal in machine learning [43]. One of the most fundamental
algorithmic problems associated with neural networks is to train a neural network given some
training data. This is an optimization problem with the goal of minimizing a given loss function.
In this paper we study the associated decision problem of determining whether there exist
network parameters such that the loss does not exceed a given threshold. For arbitrary network
architectures, Abrahamsen et al. [3] showed that this decision problem is ∃ℝ-complete already
for two-layer neural networks and linear activation functions. The complexity class ∃ℝ is
defined as the family of decision problems that are polynomial-time many-one reducible to
determining whether a multivariate polynomial with integer coefficients has a real root. Under
the commonly believed assumption that ∃ℝ is a strict superset of NP, this implies that training a
neural network is harder than NP-complete problems.

The result of Abrahamsen et al. [3] has one major downside, namely that the network
architecture is adversarial: the hardness inherently relies on choosing a network architecture
that is particularly difficult to train. Their instances could be easily trained if the networks
were fully connected. This stems from the fact that they use the identity function as the
activation function, which reduces the problem to matrix factorization. While intricate network
architectures, e. g., convolutional and residual neural networks, pooling, autoencoders and
generative adversarial neural networks are common in practice, they are usually designed in a
way that facilitates training rather than making it difficult [43]. We strengthen the result in [3]
by showing ∃ℝ-completeness for fully connected two-layer neural networks. This shows that
∃ℝ-hardness does not stem from one specifically chosen worst-case architecture, but is inherent
in the neural network training problem itself. Although a host of different architectures are
used in practice, fully connected two-layer neural networks are arguably the most basic ones,
and they are often part of more complicated network architectures [43]. We show hardness
even for the case of fully connected two-layer ReLU neural networks with exactly two input and
output dimensions.

Remarkably, with only one instead of two output dimensions, the decision problem is in
NP. This follows from the combinatorial search algorithm by Arora et al. [6]: the activation
patterns of the hidden neurons on the training data together with the signs of the output weights
can serve as an NP certificate, since after fixing these discrete choices, the remaining convex
optimization problem can be solved in polynomial time.

Our result explains why their algorithm was never successfully generalized to more com-
plex network architectures: adding only a second output neuron significantly increases the
computational complexity of the problem, from being contained in NP to being ∃ℝ-complete.

To achieve this result, our reduction follows a new approach compared to the reduction
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in [3]. Instead of encoding polynomial inequalities into an adversarial network architecture, we
make use of the underlying geometry of the functions computed by two-layer neural networks
and utilize the fact that their different output dimensions have nonlinear dependencies.

1.1 Outline

We start by formally introducing neural networks, the training problem, and the existential
theory of the reals in Section 2. Thereafter, we present our main results in Section 3. In Section 4
we provide different perspectives on how to interpret our findings, including an in-depth
discussion of the strengths and limitations. We cover further related work in Section 5. We
present the key ideas we use to prove ∃ℝ-hardness in Section 6. Finally, the complete proof
details for ∃ℝ-containment, ∃ℝ-hardness, and algebraic universality are contained in Sections 7
to 9, respectively.

2 Preliminaries

2.1 Neural networks

All neural networks considered in this paper have a very simple architecture. For ease of
presentation, we do not define neural networks and their training problem in full generality
here, but restrict ourselves to the simple architectures we need.

Definition 2.1. A fully connected two-layer neural network # = (( ¤∪� ¤∪), �) is a directed acyclic
graph (the architecture) with real-valued edge weights. The vertices are called neurons. The set
of neurons is partitioned into the set ( of inputs, the set � of hidden neurons, and the set ) of
outputs. All possible edges from ( to �, as well as all possible edges from � to ) are present.
Additionally, each hidden neuron has a real-valued bias and an activation function (ℝ→ ℝ).

The probably most commonly used activation function [6, 38, 43] is the rectified linear unit
(ReLU) defined as

ReLU: ℝ→ ℝ

G ↦→ max{0, G}.

See Figure 1 for a small fully connected two-layer ReLU neural network.

A neural network architecture# as defined above realizes a function 5 (·,Θ) : ℝ( → ℝ) , whereΘ
denotes assignment of the weights and biases that parameterize the function. For G ∈ ℝ(, we
define 5 (·,Θ) inductively. Each input neuron forwards its component of G to all its outgoing
neighbors. Each hidden neuron computes the weighted sum over all incoming values, adds its
bias, applies its activation function to this sum, and forwards it to all outgoing neighbors. An
output neuron also computes the weighted sum over all incoming values, but it neither adds a
bias nor applies any activation function.

For our purposes, we define the following special case of EmpiricalRiskMinimization, i. e., a
restriction of the general neural network training problem.
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Figure 1: A fully connected two-layer neural network as studied in this paper. The symbol
inside the hidden neurons expresses the ReLU activation function.

Definition 2.2. Training a fully connected two-layer neural network is the following decision
problem, denoted by Train-F2NN.
Input: A 5-tuple (#, !, �, �, 2):

• # = (( ¤∪� ¤∪), �) is the fully connected two-layer network architecture.
• ! : ℝ→ ℝ is the activation function for all hidden neurons, computable in polynomial

time on a real RAM.
• � ⊆ ℚ( ×ℚ) is the training data, i. e., a set of = data points of the form (G; H). Here, H

is called the label of the data point.
• � ∈ ℚ≥0 is the target error.
• 2 : ℝ) ×ℝ) → ℝ≥0 is an honest1 loss function, computable in polynomial time on a

real RAM.
Question: Is there an assignment Θ of weights and biases such that

∑
(G;H)∈�

2
(
5 (G,Θ), H

)
≤ �?

Our ∃ℝ-hardness proof works for any fixed honest loss function, since our reduction only
constructs instances with � = 0 (exact fit). On the other hand, our ∃ℝ-membership proof only
works for activation and loss functions that are polynomial-time computable on a real RAM (see
Section 7 for the necessary details).

2.2 Existential theory of the reals

The complexity class ∃ℝ has gained a lot of interest in recent years. It is defined via its canonical
complete problem ETR (short for Existential Theory of the Reals) and contains all problems that
polynomial-time many-one reduce to it. An ETR instance consists of an integer = and a sentence
of the form

∃-1 , . . . , -= ∈ ℝ : !(-1 , . . . , -=),

where ! is a well-formed and quantifier-free formula consisting of polynomial equations
and inequalities in the variables with integer coefficients encoded in binary, and the logical
connectives {∧,∨,¬}. The goal is to decide whether this sentence is true. As an example,

1A loss function is called honest if it returns zero if and only if the data is fit exactly.
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consider the formula !(-,.) :≡ -2 + .2 ≤ 1 ∧ .2 ≥ 2-2 − 1; among (infinitely many) other
solutions, !(0, 0) evaluates to true, witnessing that this is a yes-instance of ETR. It is known that

NP ⊆ ∃ℝ ⊆ PSPACE,

and it is widely believed that both inclusions are strict. Here, the first inclusion follows because
a SAT instance can easily be expressed as an equivalent ETR instance [86]. The second inclusion
was proved by Canny [20].

Note that the complexity of problems involving real numbers has been studied in various
contexts. To avoid confusion, let us emphasize that the underlying machine model for ∃ℝ (over
which sentences need to be decided and where reductions are performed) is the standard binary
word RAM (or equivalently, a Turing machine), just like for P, NP, and PSPACE. It is not the real
RAM [34] or the Blum-Shub-Smale model [14].

3 Results

Our main result is the following theorem establishing ∃ℝ-completeness of Train-F2NN even in
very restricted cases.
Theorem 3.1. Train-F2NN is ∃ℝ-complete, even if

• there are only two input neurons,
• there are only two output neurons,
• the number of data points is linear in the number of hidden neurons,
• the data has only 13 different labels,
• the target error is � = 0 (exact fit), and
• the ReLU activation function is used.
Let us note that the combination of all restrictions in Theorem 3.1 describes a special case of

Train-F2NN. Proving this special case ∃ℝ-hard also implies ∃ℝ-hardness of the general version
of Train-F2NN, and even its general case EmpiricalRiskMinimization. For example, ∃ℝ-hardness
also holds for more input/output neurons, more data points, more labels, arbitrary � ≥ 0, and
other activation functions.

Additionally, our ∃ℝ-hardness reduction implies algebraic universality.
Theorem 3.2. Let 
 ∈ ℝ be an algebraic number. Then there exists an instance of Train-F2NN
fulfilling all the restrictions in Theorem 3.1, which has a solution Θ with weights and biases from ℚ[
],
but no solution when the weights and biases are restricted to a field F not containing 
.

Here, ℚ[
] is the smallest field extension of ℚ containing 
. This means that there are
training instances for which all global optima require irrational weights or biases, even if all
data points are integral.

Let us note that algebraic universality and ∃ℝ-completeness are independent concepts.
While algebraic universality is known to hold for various ∃ℝ-complete problems [4], this is not
automatic: it cannot occur in problems where the solution space is open. On the other hand,
reductions to prove algebraic universality do not need to be in polynomial time, i. e., algebraic
universality can be established without proving ∃ℝ-hardness at the same time.
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4 Discussion

There is already a wide body of literature about the computational hardness of Empirical-
RiskMinimization, see Section 5 below. In order to clarify our contribution, we use this section
to discuss our results from various perspectives, pointing out strengths and limitations.

4.1 Implications of ∃ℝ-completeness

Our definition of ∃ℝ relies on ETR as a canonical complete problem. While ETR is known
to be NP-hard and in PSPACE [20, 86], its precise computational complexity is still unknown
(and it is considered likely that it is neither NP- nor PSPACE-complete). Therefore, proving a
problem to be ∃ℝ-complete only tells us its difficulty relative to ETR. Nevertheless, proving
∃ℝ-completeness is a valuable contribution, even for problems that are known to be NP-hard,
because of the following implications.

As pointed out by Schaefer [75], ∃ℝ-completeness of a problem shifts the focus away from
the problem itself to its underlying algebraic nature: “Knowing that a problem is ∃ℝ-complete
does not tell us more than that it is NP-hard and in PSPACE in terms of classical complexity, but
it does tell us where to start the attack: [...] A solution will likely not come out of graph drawing
or graph theory but out of a better understanding of real algebraic geometry and logic.” [75]

Knowing that a problem is ∃ℝ-complete also hints towards the algorithmic challenges
that need to be overcome. While many NP-complete problems can be solved well in practice
by extremely optimized off-the-shelf SAT- or MIP-solvers, no such general-purpose tools are
available for ∃ℝ-complete problems. In fact, to the best of our knowledge, deciding the
solvability of an ∃ℝ-complete problem (and finding the optimum of a related optimization
problem) requires algorithms from real algebraic geometry, for example a decision procedure for
existentially quantified first-order sentences (after reducing the problem to ETR). However, these
algorithms are very inefficient (at least exponential in the number of variables) and therefore
infeasible for large instances [70].

However, let us stress that ∃ℝ-completeness does not rule out hope for good heuristics: For
the optimization version of the ∃ℝ-complete Art gallery problem (minimizing the number of
guards), one can often find near-optimal solutions efficiently in practice using custom heuristics,
some of which are also used in combination with integer programming solvers [27]. Under
additional assumptions, performance guarantees can be proven [49]. However, these heuristics
are specifically tailored towards the Art gallery problem. Identifying reasonable assumptions for
other ∃ℝ-complete problems in order to obtain good heuristics (possibly even with performance
guarantees) is an important open question.

One meta-heuristic that can often be used to obtain “good” solutions for ∃ℝ-complete
problems is gradient descent. A prominent example in our context is training neural networks,
where a number of different gradient descent variants powered by backpropagation are
nowadays capable of training neural networks containing millions of neurons efficiently and
with practically satisfying quality. In general, we do not get any guarantee on the solution quality
or running time when using gradient descent, but under the right additional assumptions
proving such guarantees is sometimes possible [17]. Gradient descent has also been applied to
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∃ℝ-complete problems from other areas, for example graph drawing [5]. Still, these gradient
descent approaches are tailored towards the specific problem at hand. It would be desirable to
have general-purpose solvers, similar to SAT- or MIP-solvers for problems in NP.

4.2 Relation to learning theory

In this paper, we focus on the computational complexity of EmpiricalRiskMinimization, that is,
minimizing the training error. In the machine learning practice, one usually desires to achieve
low generalization error, which means to use the training data to achieve good predictions on
unseen test samples.

To formalize the concept of the generalization error, one needs to combine the computational
aspect with a statistical one. There are various models to do so in the literature, the most famous
one being probably approximately correct (PAC) learnability [84,90]. While EmpiricalRiskMinimiza-
tion and learnability are two different questions, they are strongly intertwined; see Section 5 for
related work in this context. Despite the close connections between EmpiricalRiskMinimization
and learnability, to the best of our knowledge, the ∃ℝ-hardness of the former has no direct
implications on the complexity of the latter. Still, since EmpiricalRiskMinimization is the most
common learning paradigm in practice, our work is arguably also interesting in the context of
learning theory.

4.3 Required precision of computation

An implication of ∃ℝ-hardness of Train-F2NN is that for some instances every set of weights
and biases exactly fitting the data needs large precision, actually an exponential number of bits
to be written down, as, for example, iterated squaring can be encoded into an ETR formula.
The algebraic universality of Train-F2NN (Theorem 3.2) strengthens this by showing that exact
solutions require algebraic numbers. This restricts the techniques one could use to obtain
optimal weights and biases even further, as it rules out numerical approaches (even using
arbitrary-precision arithmetic), and shows that symbolic computation is required. In practice,
we are often willing to accept small additive errors when computing 5 (·,Θ), and therefore do
not require Θ to be of such high precision. Rounding the values of Θ (the weights and biases) to
the first “few” digits after the binary point may be sufficient. We leave it as an open question
to find a suitable model that captures such a discrete version of the training problem and to
study the computational complexity of the training problem in that model. In this context, let us
point to the following phenomenon that appears with many ∃ℝ-complete problems [34]. While
an exact solution G requires high precision, there is an approximate solution G̃ close to G that
needs only polynomial precision. However, it is a priori not clear how to exploit this property
to obtain useful complexity results or to develop practical heuristics. Moreover, historically,
∃ℝ-completeness seems to be a strong predictor that finding these approximate solutions is
difficult in practice [28, 34].

Bienstock et al. [11] use the above idea to discretize the weights and biases to show that, in
principle, arbitrary neural network architectures can be trained to approximate optimality via
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linear programs whose size is linear in the size of the data set, but exponential in the architecture
size.

4.4 Number of input neurons

In practice, neural networks are often trained on high-dimensional data, thus having only two
input neurons is even more restrictive than the practical setting. Note that we easily obtain
hardness for higher input dimensions by simply placing all data points of our reduction into a
two-dimensional subspace. The precise complexity of training fully connected two-layer neural
networks with only one-dimensional input and multi-dimensional output remains unknown.
While this setting does not have practical relevance, we are still curious about this open question
from a purely mathematical perspective.

4.5 Number of output neurons

If there is only one output neuron instead of two, then the problem is known to be NP-complete
as long as there are at least two input neurons [6, 35]. Our reduction can easily be extended to
the case with more than two output neurons by padding all output vectors with zeros. Thus,
the complexity classification is complete with respect to the number of output neurons.

4.6 Number of hidden neurons

Consider a situation where the number < of hidden neurons is larger than the number = of
data points. If there are no two contradicting data points (G1; H1) and (G2; H2)with G1 = G2 but
H1 ≠ H2, then we can always fit all data points exactly [94]. Thus, we need at least a linear
number of data points in terms of < for ∃ℝ-hardness. Our result is (asymptotically) tight in this
aspect. Note that by adding additional data points, the ratio between = and < can be made
arbitrarily large. Thus, our reduction holds also for all settings in which < is (asymptotically)
much smaller than =.

4.7 Number of output labels

The number of labels used in our reduction is just 13. Requiring only a small constant number
of different labels shows the relevance of our result to practice, where the number of data points
often largely exceeds the number of labels, for instance, in classification tasks.

If all labels are contained in a one-dimensional affine subspace, then the problem is in NP, as
they can be projected down to one-dimensional labels and the problem can be solved with the
algorithm by Arora et al. [6]. As any two labels span a one-dimensional affine subspace, the
problem can only be ∃ℝ-hard for at least three affinely independent output labels.

We think it is not particularly interesting to close the gap between 3 and 13 output labels, but
it would be interesting to investigate the complexity of the problem when output labels have
more structure. For example, in classification tasks one often uses one-hot encodings, where the
output dimension equals the number of classes and all labels have the form (0, . . . , 0, 1, 0, . . . , 0).
Note that at least three output dimensions are needed in this case to obtain three different labels.
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4.8 Target error

For simplicity, we only prove hardness for the case with target error � = 0. However, it is
generally not required to fit the data exactly in real-world applications. It is not too difficult
to see that hardness can be proved analogously for larger values of �: simply use the same
reduction and add several inconsistent data points that necessarily incur an error of at least �.
The precise choice of these inconsistent data points heavily depends on the loss function. In
conclusion, for different values of �, we can still construct instances that prove ∃ℝ-completeness
of the decision problem.

4.9 Activation function

The ReLU activation function is currently the most commonly used activation function [6,
38, 43]. Our methods are adaptable to other piecewise linear activation functions, such as
leaky ReLUs. Having said that, our methods are not applicable to other types of activation
functions, such as Sigmoid, soft ReLU or step functions. We want to point out that Train-F2NN
(and even EmpiricalRiskMinimization) is in NP if a step function is used as the activation
function [57]. Concerning the Sigmoid and soft ReLU functions, it is not even clear whether the
EmpiricalRiskMinimization is decidable, as trigonometric functions and exponential functions
are not computable on the real RAM [34,72]. While smoother activation functions might support
the success of heuristics like gradient descent, we would intuitively assume that finding exact
global optima is even more difficult with smooth activation functions.

4.10 Other architectures

We consider fully connected two-layer networks as the most important base case, but we are
also interested in complexity results for other network architectures. Specifically, deeper fully
connected neural networks and convolutional neural networks are interesting. We find it hard
to imagine that the worst-case complexity of EmpiricalRiskMinimization becomes easier for
more complicated architectures, but it remains an important open problem to prove or disprove
this. In particular, ∃ℝ-completeness for deeper networks would strengthen our result and show
that ∃ℝ-completeness is a robust phenomenon, in other words, independent of a choice of a
specific network type.

4.11 Lipschitz continuity

The set of data points created in the proof of Theorem 3.1 is intuitively very tame. Formally,
this is captured by proving that for all yes-instances constructed by our reduction there exists a
solution Θ such that 5 (·,Θ) is Lipschitz continuous for a small Lipschitz constants !. Lipschitz
continuity is also related to overfitting and regularization [44], the purpose of the latter being
to prefer simpler functions over more complicated ones. Being Lipschitz continuous with a
small Lipschitz constant essentially means that the function is relatively flat. It is particularly
remarkable that we can show hardness even for small Lipschitz constants, since Lipschitz
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continuity has been a crucial assumption in several recent results about training and learning
ReLU networks, for example in [11, 18, 23, 39].

5 Related work

5.1 Complexity of neural network training

It is well known that minimizing the training error of a neural network is a computationally
difficult problem for a large variety of activation functions and architectures [84].

Closest to our work is the recent ∃ℝ-completeness result by Abrahamsen et al. [3] for
two-layer neural networks. In contrast to our work, they use the identity activation function and
rely on particularly difficult-to-train architectures, both qualities being uncommon in practice.
Zhang [96] sketched a similar result already in 1992: Training neural networks with real-valued
data points is NPℝ-complete, again with the identity activation function and with an adversarial
architecture. NPℝ is a complexity class in the BSS-model of computation [14], but a suitable
discretization (considering the so-called constant-free Boolean part) yields ∃ℝ-completeness in
today’s language.

For ReLU networks, NP-hardness, parameterized hardness and inapproximability results
have been established even for the simplest possible architecture consisting of only a single
ReLU neuron [15, 30, 36, 41]. While all these results require non-constant input-dimension,
Froese and Hertrich [35] show that it is still NP-hard to train a two-layer ReLU network with
two input neurons and one output neuron. On the positive side, the seminal algorithm
by Arora et al. [6] solves EmpiricalRiskMinimization for two-layer ReLU networks with one
output neuron to global optimality, placing the problem in NP. It was later extended to a
more general class of loss functions by Froese et al. [36]. The running time is exponential in
the number of neurons in the hidden layer and in the input dimension, but polynomial in
the number of data points if the former two parameters are considered to be constant. This
NP-containment of EmpiricalRiskMinimizationwith one-dimensional output is in sharp contrast
to our ∃ℝ-completeness result for Train-F2NN with two-dimensional outputs. Brand et al. [16]
identify conditions under which the algorithm by Arora et al. [6] can be generalized to deeper
architectures, but these are very particular cases that one would not expect to occur in practice.

While minimizing training and generalization errors are different problems, the hardness
of the former also imposes challenges on the latter. Strategies to circumvent hardness from
the perspective of learning theory include allowing improper learners, restricting the type of
weights allowed in a neural network, or imposing assumptions on the underlying distribution.
For example, Chen et al. [23] show fixed-parameter tractability of learning a ReLU network
under several assumptions, including Gaussian data and Lipschitz continuity of the network.
We refer to [8, 22, 31,39, 40, 42] as a non-exhaustive list of other results about (non-)learnability
of ReLU networks in different settings. Generally, identifying the exact boundary between
tractable and intractable cases is an interesting direction for future work.
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5.2 Expressivity of ReLU networks

It is essential for our reduction to understand the classes of functions representable by certain
ReLU network architectures. So-called universal approximation theorems state that a single hidden
layer (with arbitrary width) is already sufficient to approximate every continuous function on a
bounded domain with arbitrary precision [25, 52]. However, deeper networks require much
fewer neurons to reach the same expressive power, yielding a potential theoretical explanation of
the dominance of deep networks in practice [6, 33, 46, 48, 59, 68, 71, 74, 89, 92]. Other related work
includes counting and bounding the number of linear regions [47,65,66,69,71,83,88], classifying
the set of functions exactly representable by different architectures [6, 7, 29,45,50,51,67,95], or
analyzing the memorization capacity of ReLU networks [91, 93, 94]. Huchette et al. [53] provide
a survey on the interactions of neural networks and polyhedral geometry, including implications
on training, verification, and expressivity.

5.3 Existential theory of the reals

The complexity class ∃ℝ gains its importance from numerous important decision problems that
have been shown to be complete for this class in recent years. The name ∃ℝ was introduced
by Schaefer [75] who also pointed out that several NP-hardness reductions from the literature
actually implied ∃ℝ-hardness. For this reason, several important ∃ℝ-completeness results were
obtained before the need for a dedicated complexity class became apparent. A compendium for
the class ∃ℝ was written by Schaefer et al. [79].

Common features of ∃ℝ-complete problems are their continuous solution space and
the nonlinear relations between their variables. Important ∃ℝ-completeness results include
the realizability of abstract order types [64, 86] and geometric linkages [76], as well as the
recognition of many types of geometric intersection graphs [21, 56, 58, 61, 62]. More results
appeared in the graph drawing community [32, 54, 60, 77, 78], regarding polytopes [73], the
study of Nash-equilibria [9, 12, 37, 80], matrix factorization [24, 82, 85], or continuous constraint
satisfaction problems [63]. In computational geometry, we would like to mention the art gallery
problem [2,87] and covering polygons with convex polygons [1].

Recently, the community started to pay more attention to higher levels of the real polynomial
hierarchy, which also capture several interesting algorithmic problems [13,19, 26, 32, 55, 81].

6 Proof ideas

To prove ∃ℝ-hardness, we reduce from ETR-Inv, a restricted version of ETR. An instance of
ETR-Inv consists of real variables and a conjunction of constraints in these variables. Each
constraint is either an addition constraint - +. = /, or an inversion constraint - ·. = 1. Given
such an instance, we construct a Train-F2NN instance that models the variables, and in which
exact fitting of all the data points corresponds to simultaneously satisfying all addition and
inversion constraints.
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6.1 Variables

A natural candidate for encoding variables are the weights and biases of the neural network.
However, those did not prove to be suitable for our purposes. The main problem with using the
parameters of the neural network as variables is that the same function can be computed by
many neural networks with different combinations of these parameters. We are not aware of an
easy way to normalize the parameters.

To circumvent this issue, we work with the functions representable by fully connected
two-layer neural networks directly. We frequently make use of the geometry of the plots of these
functions. For now, it is only important to understand that each hidden ReLU neuron encodes a
continuous piecewise linear function with exactly two pieces (both of constant gradient). These
two pieces are separated by a so-called breakline. Now, if we have < hidden neurons, their
individually encoded functions add up such that the function computed by the whole neural
network is a continuous piecewise linear function with at most < breaklines. All cells of the
function between the breaklines have constant gradient.

To keep things simple for now, let us first consider a neural network with only one input
and one output neuron. We place a series of data points (G8 ; H8) ∈ ℝ × ℝ as seen in Figure 2.
All continuous piecewise linear functions 5 (·,Θ) computed by a neural network with only four
hidden neurons (i. e., only four breaklines and therefore at most five pieces) that fit these data
points exactly must be very similar. In fact, they can only differ in one degree of freedom,
namely the slope of the piece going through the data point ?. In our construction, this slope
represents the value of a variable. The whole set of data points enforcing this configuration is
called a variable gadget.

p

data point

x

y

Figure 2: The value of 5 (·,Θ) is fixed (black part), except for the segment through data point ?.
The red, orange and blue segments are just three out of uncountably many possibilities. Its
slope can be used to encode a real-valued variable.

6.2 Linear dependencies

The key insight for encoding constraints between variables is that we can relate the values of
several variable gadgets by a data point: By placing a data point ? at a location where several
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p

Figure 3: Two intersecting variable gadgets. The slopes of the blue and the red region encode
the values. Point ? lies in the intersection of both and can encode a linear relationship between
them.

variable gadgets overlap, each of the variable gadgets contributes its part towards fitting ?. The
exact contribution of each variable gadget depends on its slope. Consequently, if one variable
gadget contributes more, the others have to lower their contribution by the same amount. This
enforces linear dependencies between different variable gadgets and can be used to design
addition and copy gadgets.

We need a second input dimension in order to intersect multiple variable gadgets. This
extends each variable gadget into a stripe in ℝ2, with Figure 2 showing only an orthogonal
cross-section of this stripe. See Figure 3 for two intersecting variable gadgets. Much of the
technical difficulties lie in the subtleties to enforce the presence of multiple (possibly intersecting)
gadgets using a finite number of data points.

An addition gadget encodes a linear relation between three variables. In ℝ2, three lines (or
stripes) usually do not intersect in a single point. Thus, we have to carefully place the gadgets to
guarantee such a single intersection point. To this end, we create copies of the variable gadgets
involved (copying is a linear relation between just two variables, thus “easy”). These copies can
then be positioned (almost) freely.

6.3 Inversion

We are not able to encode nonlinear constraints within only a single output dimension [6]. By
adding a second output dimension, the neural network now represents two functions 5 1(·,Θ)
and 5 2(·,Θ). Consequently, we are allowed to use data points with two different output labels,
one for each output dimension.

One important observation is that the locations of the breaklines of the function 5 = 5 (·,Θ) =
( 5 1(·,Θ), 5 2(·,Θ)) are independent of the weights of the edges in the second layer of the neural
network. Thus, both functions 5 1 and 5 2 have the same breaklines. Still, setting some weights
to zero may erase a breakline in one of the functions.

An inversion gadget (realizing the constraint - · . = 1) also corresponds to a stripe in ℝ2.
For simplicity, we only show a cross-section here, see Figure 4. In each output dimension
individually, the inversion gadget acts exactly like a variable gadget. The inversion gadget can
therefore be understood as a variable gadget that carries two values.

We prove that by allowing only five breaklines in total, a function 5 can only fit all data
points exactly if 5 1 and 5 2 share three of their four breaklines (while both having one “exclusive”
breakline each, which is erased in the other dimension). This enforces a nonlinear dependency
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between the slopes of 5 1 and 5 2. By choosing the right parameters, this nonlinear relation
models an inversion constraint.

p

q
both dimensions

Data points:

dimension 1

dimension 2

Figure 4: Data points ? and @ have different labels in the two output dimensions, enforcing that
the slopes of the red and the blue pieces are related via a nonlinear dependency.

6.4 Reduction

Let us illustrate the reduction by giving a simple example. Note that this is not yet the complete
picture. We start with an ETR-Inv instance, for example, deciding whether the following
sentence

∃-1 , -2 , -3 , -4 ∈ ℝ : (-1 + -2 = -3) ∧ (-1 + -3 = -4) ∧
(-1 · -4 = 1) ∧ (-4 · -3 = 1)

is true. This instance has four variables, -1 , -2 , -3 , -4, and four constraints: two additions and
two inversions. Recall that every gadget corresponds to a stripe in the input space ℝ2. See
Figure 5 for the following construction (the stripes are drawn as lines for better readability).

• We add a variable gadget for each of the variables. All of these are placed such that their
corresponding stripes are parallel and do not overlap, see the horizontal lines in Figure 5.

• We introduce three more variable gadgets for each addition constraint, one per variable
involved. These are placed such that they have a common intersection point while also
intersecting their corresponding variable gadget. In Figure 5, see the two bundles to the
left. A data point at the triple intersection enforces the addition constraint, while data
points labelled •= encode that the values of the two intersecting variable gadgets are equal.

• Last, we add an inversion gadget for each inversion constraint and place it such that it
intersects the variable gadgets of the two variables involved. See the two dashed lines in
Figure 5. Data points labelled •=1 (•=2) enforce equality only in the first (second) output
dimension.
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X1

X2

X3

X4

X1 +X2 −X3 = 0

=

=

=

=

=

=

X1 +X3 −X4 = 0

=1=2

=1

=2

X4 ·X3 = 1

X1 ·X4 = 1

Figure 5: Overview of the global arrangement of the gadgets.

To see that the above reduction is correct, assume first that the ETR-Inv instance is true.
Then there exist real values for the four variables and these values can be used as the slopes
of their corresponding variable gadgets. By the correctness of the individual gadgets (that we
prove below), it follows that each data point is fit exactly.

Conversely, if all data points are fit exactly, then the correctness of the gadgets implies that
the slopes of the variable gadgets give a solution to the ETR-Inv instance.

7 ∃ℝ-membership

∃ℝ-membership is already proven by Abrahamsen et al. [3].

Proposition 7.1 ( [3, Section 2]). Train-F2NN ∈ ∃ℝ.

For the sake of completeness, while not being too repetitive, we briefly summarize their
argument: ∃ℝ-membership is shown by describing a so-called polynomial-time real verification
algorithm (see [34] for the formal details). The input of such an algorithm is a Train-F2NN
instance �, as well as a witnessΘ consisting of real-valued weights and biases. Instance � consists
of a network architecture, data points � and a target error �. The algorithm has to verify that
the neural network parameterized by Θ fits all data points in � with a total error at most �. The
underlying model of computation is the real RAM, that is, an extension of the classical word
RAM by registers that can store arbitrary real numbers. Arithmetic operations (“+”, “−”, “·”,
“÷”) on real registers take constant time.

The real verification algorithm given in [3] loops over all data points in � and evaluates
the function realized by the neural network for each of them individually. As each hidden
neuron uses a polynomial-time computable activation function, each such evaluation takes only
polynomial time in the size of the network. Proposition 7.1 follows, since we are also guaranteed
that the loss function can be computed in polynomial time on a real RAM.
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8 ∃ℝ-hardness

This section is devoted to proving ∃ℝ-hardness of Train-F2NN. Our reduction is mostly
geometric, so we start by reviewing the underlying geometry of two-layer neural networks in
Section 8.1. This is followed by a high-level overview of the reduction in Section 8.2, before we
describe the gadgets in detail in Section 8.3. Finally, in Section 8.4, we combine the gadgets into
the proof of Theorem 3.1.

8.1 Geometry of two-layer neural networks

Our reduction constructs a neural network that has just two input neurons, two output neurons,
and < hidden neurons. Thus, for a given assignment Θ of weights and biases, it realizes a
function 5 (·,Θ) : ℝ2 → ℝ2. In this section, we build a geometric understanding of 5 (·,Θ), in
particular, we study the geometry of the plot of 5 (·,Θ). For further results in this direction,
we point the interested reader to [6, 29, 50, 67, 95] that investigate the set of functions exactly
represented by different architectures of ReLU networks.

The 8-th hidden ReLU neuron E8 realizes a function

58 : ℝ2 → ℝ

(G1 , G2) ↦→ ReLU(01,8G1 + 02,8G2 + 18),

where 01,8 and 02,8 are the edge weights from the first and second input neuron to E8 and 18
is its bias. Note that 58 is a continuous piecewise linear function: If 01,8 = 02,8 = 0, then 58
is constant, 58 = ReLU(18) = max{18 , 0}. Otherwise, the domain ℝ2 is partitioned into two
half-planes, touching along a so-called breakline given by the equation 01,8G1 + 02,8G2 + 18 = 0.
The two half-planes are (see Figure 6)

• the inactive region
{
(G1 , G2) ⊆ ℝ2 | 01,8G1 + 02,8G2 + 18 ≤ 0

}
, in which 58 is the constant 0, and

• the active region
{
(G1 , G2) ⊆ ℝ2 | 01,8G1 + 02,8G2 + 18 > 0

}
, in which 58 is positive and has a

constant gradient.

Now let 28 ,1 and 28 ,2 be the weights of the edges connecting E8 with the first and second
output neuron, and let 5 (·,Θ) = ( 5 1(·,Θ), 5 2(·,Θ)). For 9 ∈ {1, 2}, the function 5 9(·,Θ) =∑<
8=1 28 , 9 · 58(·,Θ) is a weighted linear combination of the functions computed at the hidden

neurons. We make three observations.

• Each function computed by a hidden ReLU neuron has at most one breakline. Thus, the
domain of 5 9(·,Θ) is partitioned into the cells of a line arrangement containing at most <
breaklines. Apart from that, 5 9(·,Θ) has a constant gradient inside each cell.

• Let 18 be the breakline produced by a hidden neuron E8 in 5 9(·,Θ). Its position is solely
determined by 0·,8 and 18 . In particular, it is independent of 28 , 9 . Thus, the sets of
breaklines of 5 1(·,Θ) and 5 2(·,Θ) are both subsets of the same set of (at most<) breaklines
determined by the hidden neurons.
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Figure 6: A continuous piecewise linear function computed by a hidden ReLU neuron. It has
exactly one breakline; the flat part is the inactive region, whereas the sloped part is the active
region.

• Even if all 58(·,Θ) have a breakline, their sum 5 9(·,Θ) at each output neuron might have
fewer breaklines: It is possible for a breakline to be erased by setting 28 , 9 = 0. Other
possibilities are that several breaklines contributed by different hidden neurons cancel
each other (producing no breakline) or lie on top of each other (combining multiple
breaklines into one). In our reduction we deliberately erase some breaklines in some
output dimensions, i. e., we make use of the 28 , 9 = 0 trick. However, we avoid the other
two cases of breaklines combining/canceling.

Combining the above observations yields a stronger statement: For each output neuron and
breakline ℓ , the change of gradient of 5 9(·,Θ) along ℓ is constant (see also [29]). Based on this,
we distinguish two types of breaklines.

Definition 8.1. A breakline ℓ is concave (convex) in 5 9(·,Θ) if the restriction of 5 9(·,Θ) to any two
neighboring cells separated by ℓ is concave (convex).

The type of a breakline is an ordered pair (C1 , C2) ∈ {∧, 0,∨}2 where C1 and C2 are symbols
describing whether the breakline is concave (∧), erased (0), or convex (∨) in 5 1(·,Θ) and 5 2(·,Θ),
respectively.

By now, we have gained a geometric understanding of 5 (·,Θ), the continuous piecewise
linear function computed by a ReLU neural network with two input and two output neurons.
However, not every continuous piecewise linear function can be computed by such a neural
network. For the correctness of our reduction, we need a sufficient condition for this.

Lemma 8.2. A continuous piecewise linear function 5 : ℝ2 → ℝ2 whose breaklines form a line
arrangement with < lines can be realized by a fully connected two-layer neural network with < hidden
neurons if the following two conditions hold.

• In at least one cell of ℒ the value of 5 is the constant (0, 0).
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• For each breakline ℓ ∈ ℒ, the change of the gradient of 5 along ℓ is constant in both output
dimensions.

Proof. We can use the following construction. Add one hidden neuron per breakline, oriented
such that its inactive region is the half-plane containing the (0, 0)-cell. The position solely
depends on the weights of the first layer and the bias. The weights of the second layer are then
chosen to produce the right change of gradient in each output dimension. It is easy to see that
the sum of all these neurons computes 5 . �

We refer to [29] for a precise characterization of the functions representable by two-layer
neural networks with < hidden neurons.

8.2 Preparing the reduction

We show ∃ℝ-hardness of Train-F2NN by giving a polynomial-time reduction from ETR-Inv
to Train-F2NN. ETR-Inv is a variant of ETR that is frequently used as a starting point for
∃ℝ-hardness proofs in the literature [2, 3, 32, 60].

Formally, ETR-Inv is a special case of ETR in which the quantifier-free part ! of the input
sentenceΦ :≡ ∃-1 , . . . , -= ∈ ℝ : !(-1 , . . . , -=) is a conjunction (only∧ is allowed) of constraints,
each of which is either of the form - + . = / or - · . = 1.

A promise version of ETR-Inv allows us to assume that either there is no solution or there is
a solution with all variables in

[ 1
2 , 2

]
. Our reduction starts from this promise version.

Theorem 8.3 ( [2, Theorem 3.2]). ETR-Inv is ∃ℝ-complete.

Furthermore, the next result shows that ETR-Inv exhibits the same algebraic universality
that we seek for Train-F2NN.

Theorem 8.4 ( [4]). Let 
 be an algebraic number. Then there exists an instance of ETR-Inv, which has
a solution in ℚ[
], but no solution when the variables are restricted to a field F that does not contain 
.

The reduction starts with an ETR-Inv instanceΦ and outputs an integer < and a set of = data
points such that there is a fully connected two-layer ReLU neural network # with < hidden
neurons exactly fitting all data points (� = 0) if and only if Φ is true. Recall that the neural
network # defines a continuous piecewise linear function 5 (·,Θ) : ℝ2 → ℝ2.

We define several gadgets representing the variables as well as the linear and inversion
constraints of the ETR-Inv instance Φ. Strictly speaking, a gadget is defined by a set of data
points that need to be fit exactly. These data points serve two tasks. First, most of the data points
are used to enforce that 5 (·,Θ) has < breaklines with predefined orientations and at almost
predefined positions. Second, the remaining data points enforce relationships between the exact
positions of different breaklines.

Globally, our construction yields 5 (G,Θ) = (0, 0) for “most” G ∈ ℝ2. Each gadget consists of
a constant number of parallel breaklines (enforced by data points) that lie in a stripe of constant
width in ℝ2. The value of 5 (·,Θ)may be non-zero only within these stripes. The “semantics” of
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a gadget2 is fully determined by the distances between its parallel breaklines. Thus, each gadget
can be translated and rotated arbitrarily without affecting its semantics.

8.2.1 Abstractions

Describing all gadgets purely by their data points is tedious and obscures the relatively simple
geometry enforced by these data points. We therefore introduce two additional constructs,
namely data lines and weak data points, that simplify the presentation. In particular, data lines
impose breaklines, which in turn are needed to define gadgets. Weak data points allow us to
have features that are only active in one output dimension. How these constructs can be realized
with carefully placed data points is deferred to Sections 8.3.6 and 8.3.7, after we have introduced
all other gadgets. The realization of weak data points in in Section 8.3.6 requires an additional
gadget.

• A data line (ℓ ; H) consists of a line ℓ ⊆ ℝ2 and a label H ∈ ℝ2. We say that a data line is fit
if 5 (ℓ ,Θ) = {H}, i. e., the neural network maps every point on it to H.

As soon as we consider several gadgets, their corresponding stripes in ℝ2 might intersect.
We do not require that the data lines are fit correctly inside these intersections. This is
justified because, as we are going to see below, each data line is realized by finitely many
data points on it. We make sure that their coordinates do not lie in any of the intersections.

• A weak data point relaxes the notion of a regular data point and prescribes only a lower
bound on the label. For example, we denote by (G; H1 , ≥ H2) that 5 1(G,Θ) = H1 and
5 2(G,Θ) ≥ H2. Weak data points can have such an inequality label in the first, the second,
or both output dimensions.

8.3 Gadgets and constraints

We describe all gadgets in isolation first. The interaction of two or more gadgets is considered
only where it is necessary. In particular, we assume that 5 (G,Θ) is zero everywhere for G ∈ ℝ2

outside the outermost breaklines enforced by the gadgets. After all gadgets have been introduced,
we describe the global arrangement of the gadgets in Section 8.4. Recall that, since each gadget
can be freely translated and rotated, we can describe the positions of all its data lines and (weak)
data points relative to each other. Since all data lines of a gadget are parallel, we can describe
their relative positions solely by the distance between them.

Not all gadgets make use of the two output dimensions. Some gadgets have the same labels
in both output dimensions for all of their data lines, and thus look the same in both output
dimensions. For these gadgets, we simplify the usual notation of (H1 , H2) ∈ ℝ2 to single-valued
labels H ∈ ℝ. In our figures, data points and functions looking the same in both output
dimensions are drawn in black, while features only occurring in one dimension are drawn in
different colors to distinguish them from each other.

2For a variable gadget, its “semantics” is the real number represented by it.
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To clarify our exposition, let us define some terms we will use. Let (ℓ1; H8), . . . , (ℓ: ; H:) be
parallel data lines. Further, let ℓ ⊆ ℝ2 be an oriented line intersecting all ℓ8 . Without loss of
generality, we assume that ℓ intersects ℓ8 before ℓ 9 if and only if 8 < 9. A cross-section through
(ℓ1; H8), . . . , (ℓ: ; H:) is defined as follows. For each data line (ℓ8 ; H8), the cross-section contains a
data point ?8 = (G8 ; H8) ∈ ℝ × ℝ2, where G8 is the oriented distance between the intersections
of ℓ1 and ℓ8 with ℓ . Two data points ?8 and ? 9 in the cross-section are consecutive if |8 − 9 | = 1. If ℓ
is perpendicular to all ℓ8 , then the cross-section is orthogonal. The intersection of a breakline
with ℓ is a breakpoint.

We draw cross-sections by projecting a data point (G8 ; H8) ∈ ℝ ×ℝ2 into a two-dimensional
coordinate system, marking G8 along the abscissa and H8 along the ordinate. If a H8 behaves
differently in the two output dimensions, then we draw it twice and distinguish the two
dimensions by color.

Observation 8.5. Let 5 be a continuous piecewise linear function exactly fitting three consecutive data
points, ?8 , ?8+1 and ?8+2 , in a cross-section of a gadget. The following hold for each output dimension.

(i) If the three points are collinear, then 5 has either no breakpoint strictly between ?8 and ?8+2, or at
least two.

(ii) If the three points are not collinear, then 5 has some breakpoint 1 strictly between ?8 and ?8+2.
Furthermore, if ?8+2 lies above (below) the ray from ?8 through ?8+1, then 1 is convex (concave,
resp.).

Observation 8.5 is the key to prove that data lines enforce breaklines of a certain type, with a
prescribed orientation and (almost) fixed position. It is illustrated in Figure 7.

p1 p2 p3

(a) If the points are collinear, then there is
either no breakpoint or there are at least
two.

p1 p2

p3

(b) If the points are not collinear, then we
need a breakpoint of a certain type, here
convex.

Figure 7: Three consecutive points, ?1, ?2 and ?3 , in a cross-section and possible continuous
piecewise linear functions fitting them (solid and dashed).

8.3.1 Variable gadget

A variable gadget consists of twelve parallel data lines, ℓ1 , . . . , ℓ12 , numbered from one side to the
other, in the figures from left to right. Further, there is a weak data point @ between ℓ3 and ℓ4.
For all of these, the following table lists their relative distance to ℓ1 and their label (note that
both output dimensions have the same label).
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ℓ1 ℓ2 ℓ3 q ℓ4 ℓ5 ℓ6 ℓ7 ℓ8 ℓ9 ℓ10 ℓ11 ℓ12

distance to ℓ1 0 1 2 3 + 2
3 4 6 7 8 10 12 14 15 16

label 0 0 0 ≥ 2 3 6 6 6 4 2 0 0 0

See Figure 8 for an orthogonal cross-section through a variable gadget.

0

1

2

3

4

5

6

q

p1 p2 p3

p4

p5 p6 p7

p8

p9

p10 p11 p12

∨-break ∨-break
∧-break

∧-break

Figure 8: Orthogonal cross-section of a variable gadget. The bars below the cross-section
indicate non-collinear triples used in the proof of Lemma 8.6. For example, there needs to be a
convex breakpoint strictly between ?2 and ?4.

Lemma 8.6. A continuous piecewise linear function 5 that fits ℓ1 , . . . , ℓ12 and @ exactly must have at
least four breaklines. If it has exactly four breaklines, then they must all be parallel to the data lines. In
this case, let 11, 12, 13 and 14 be the breaklines, numbered from left to right. We have the following in
each output dimension.

• 5 is 0 everywhere to the left of 11 and to the right of 14.

• 5 is 6 everywhere between 12 and 13.

• 13 lies on ℓ7 and 14 lies on ℓ10.

• The slope of the variable gadget, i. e., the norm of the gradient between 11 and 12, is at least 3
2 and

at most 3.

Before we prove Lemma 8.6, let us describe the functionality of a variable gadget: The
slope B- of a variable gadget for a variable - is in

[ 3
2 , 3

]
. In order to represent values in

[ 1
2 , 2

]
,

we say that a slope B- encodes the value - = B- − 1.

Proof of Lemma 8.6. We first prove that four breaklines are indeed necessary to fit all data lines
exactly. Every orthogonal cross-section contains four non-collinear triples of consecutive points:
(?2 , ?3 , ?4), (?4 , ?5 , ?6), (?6 , ?7 , ?8) and (?9 , ?10 , ?11). They pairwise share at most one point, so
by Observation 8.5(ii), four breakpoints are indeed required. Since the data lines are parallel to
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each other, all orthogonal cross-sections look the same, and each breakpoint corresponds to a
breakline that is parallel to the data lines. For the rest of the proof, we denote the breaklines
by 11, 12, 13 and 14, numbered from left to right.

In the following, we consider each of the non-collinear triples individually, to further locate
the positions of the breaklines. The following observations are all due to Observation 8.5.

• The non-collinear triple (?2 , ?3 , ?4) implies that 11 must be between ℓ2 and ℓ4. The collinear
triple (?1 , ?2 , ?3) enforces that 11 is to the right of ℓ3 and that 5 is 0 everywhere to the left
of 11.

• The non-collinear triple (?4 , ?5 , ?6) implies that 12 must be between ?4 and ?6. The collinear
triple (?5 , ?6 , ?7) enforces that 12 is to the left of ℓ5 and that 5 is 6 everywhere to the right
of 12.

• The non-collinear triple (?6 , ?7 , ?8) implies that 13 must be between ℓ6 and ℓ8. The collinear
triples (?5 , ?6 , ?7) and (?7 , ?8 , ?9) leave ℓ7 as the only remaining position for 13. The
collinear triple (?5 , ?6 , ?7) further implies that 5 must be 6 everywhere to the left of 13.

• The non-collinear triple (?9 , ?10 , ?11) implies that 14 must be between ℓ9 and ℓ11. The
collinear triples (?8 , ?9 , ?10) and (?10 , ?11 , ?12) leave ℓ10 as the only remaining position
for 14. The collinear triple (?10 , ?11 , ?12) further implies that 5 must be 0 everywhere to
the right of 14.

As 11 must be on ℓ3 or to its right and 12 must be on ?5 or to its left, the slope is at least 3
2 .

Last, weak data point @ enforces that the slope is at most 3. �

8.3.2 Measuring a value from a variable gadget

Consider a variable gadget for a variable - with slope B- . We call the two parallel lines with
distance 1 to ℓ4 its measuring lines. More precisely, we distinguish between the lower measuring
line (the one towards ℓ3) and the upper measuring line (the one towards ℓ5). Since the slope of the
variable gadget is in

[ 3
2 , 3

]
, both measuring lines are always inside or at the boundary of the

sloped part (in other words, between breaklines 11 and 12).
Assume that the variable gadget is fit exactly. Then, at any point ? on ℓ4, the variable gadget

contributes 3 to 5 (?,Θ). It follows that a point ?D on the upper measuring line contributes 3+ B-
to 5 (?D ,Θ). Similarly, a point ?; on the lower measuring line contributes 3 − B- to 5 (?; ,Θ). See
Figure 9 for a visualization.

8.3.3 Linear constraints: addition and copying

Until this point, we considered individual gadgets separately from each other. As soon as we
have two or more gadgets, their corresponding stripes may intersect, leading to interference of
the gadgets inside these intersections. We exploit this to encode linear constraints.

LetA and ℬ be disjoint subsets of the variables. We can enforce a linear constraint of the
form

∑
�∈A � =

∑
�∈ℬ � using just one additional data point ?. In particular, we care about the

following two special cases.
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Figure 9: Partial cross-section of a variable gadget with slope B- = 2, so - = 1. The lower and
upper measuring lines are drawn in blue and red. This variable gadget contributes 3 − B- to the
lower and 3 + B- to the upper measuring line.

• To copy a value from one variable - to another variable ., we model - = . byA = {-}
and ℬ = {.}.

• To encode the addition - + . = /, we setA = {-,.} and ℬ = {/}.

For all variables in A, the data point ? must be on the upper measuring line of their
corresponding variable gadget. Similarly, for variables in ℬ, the data point ? must be on the
lower measuring line. This requires a placement of the gadgets such that all required measuring
lines intersect in a single point, where we can place ?. This is trivial for |A| + |ℬ| = 2, as it
only requires the variables gadgets involved to be non-parallel, see Figure 10. For |A| + |ℬ| ≥ 3,
this is more involved. We can use the equality constraint - = . to copy the value of a variable
onto additional variable gadgets, which can then be positioned freely to obtain the required
intersections, see Figure 11. We discuss the global layout to achieve this in more detail in
Section 8.4 below.

Lemma 8.7. LetA and ℬ be disjoint subsets of the variables. A data point ? with label 4|A| + 2|ℬ|
placed on the upper measuring line of each � ∈ A and the lower measuring line of each � ∈ ℬ enforces
the linear constraint

∑
�∈A � =

∑
�∈ℬ �.

Proof. Let B- be the slope of the variable gadget for variable -. For each � ∈ A, the data point ?
is placed on the upper measuring line of �’s variable gadget, so � contributes 3 + B� to 5 (?,Θ).
Similarly, for each variable � ∈ ℬ, the data point ? is placed on the lower measuring line of �’s
variable gadget, so � contributes 3 − B� to 5 (?,Θ).
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ℓX1

ℓX12

ℓX4

ℓY1

ℓY4

ℓY12

p

Figure 10: Top-down view on the intersection of two variable gadgets corresponding to two
variables - (red) and . (blue). The dashed lines are their measuring lines. The point ? is
placed at the intersection of the upper measuring line for - and lower measuring line for ., and
receives label 6 to enforce the constraint - = ..

ℓX3

ℓX4

ℓY3ℓY4ℓY5

ℓZ3ℓZ4ℓZ5

ℓX5

p

Figure 11: Top-down view of the intersection of three variable gadgets corresponding to
variables - (red), . (orange), and / (blue). The dashed lines are the upper measuring lines
for - and . and the lower measuring line for /, intersecting in a single point ? with label 10.
This realizes the constraint - + . = /.
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The overall contribution of all variables involved adds up to

5 (?,Θ) =
∑
�∈A
(3 + B�) +

∑
�∈ℬ
(3 − B�)

=
∑
�∈A
(4 + �) +

∑
�∈ℬ
(2 − �)

= 4|A| + 2|ℬ| +
∑
�∈A

� −
∑
�∈ℬ

�,

where we used that - = B- − 1 to get from the first to the second line. Setting the label of ? to
4|A| + 2|ℬ| yields that ? is fit exactly if and only if

∑
�∈A � =

∑
�∈ℬ �. �

As already mentioned above, we do not require Lemma 8.7 in its full generality, but only
two special cases: The only linear constraint in an ETR-Inv instance is the addition - + . = /.
Additionally, we also need the ability to copy values in our reduction, i. e., constraints of the
form - = ..

Corollary 8.8. To encode the addition constraint - + . = / of ETR-Inv, data point ? has label 10. For
the copy constraint - = ., the data point has label 6.

8.3.4 Inversion gadget

In essence, an inversion gadget is the superposition of two variable gadgets. By using data lines
with different labels in the two output dimensions, it can represent two real variables at once.
However, their values have a non-linear dependency.

Formally, the inversion gadget consists of 13 parallel data lines ℓ1 , . . . , ℓ13, numbered from
one side to the other, in the figures from left to right. The following table lists their relative
distance to ℓ1 and their labels.

ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8 ℓ9 ℓ10 ℓ11 ℓ12 ℓ13

distance to ℓ1 0 1 2 4 7 9 10 11 13 15 17 18 19
label in dim. 1 0 0 0 3 6 6 6 6 4 2 0 0 0
label in dim. 2 0 0 0 0 3 6 6 6 4 2 0 0 0

See Figure 12 for an orthogonal cross-section through an inversion gadget.

Lemma 8.9. A continuous piecewise linear function that fits ℓ1 , . . . , ℓ13 exactly must have at least five
breaklines. If it has exactly five breaklines, then they must all be parallel to the data lines. In this case,
let 11, 12, 13, 14 and 15 be the breaklines, numbered from left to right. The following hold.

• 5 is (0, 0) everywhere to the left of 11 and to the right of 15.

• In output dimension 1, 5 is 6 everywhere between 12 and 14.

• In output dimension 2, 5 is 0 everywhere to the left of 12 and 6 everywhere between 13 and 14.
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(∨,0)-break
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(∧,∧)-break
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Figure 12: Cross-section of the inversion gadget. Data points ?4 and ?5 have different labels in
the first (red) and second (blue) output dimension.

• 14 is on ℓ8 and 15 is on ℓ11.

• The inversion gadget has two slopes B- and B. .
– In dimension 1, slope B- is the norm of the gradient between 11 and 12.
– In dimension 2, slope B. is the norm of the gradient between 12 and 13.

We have B- B. = B- + B. .

Before we prove Lemma 8.9, let us describe the functionality of an inversion gadget: As
mentioned above, an inversion gadget is the superposition of two variable gadgets. Only four of
the five breaklines are “visible” in each output dimension, the fifth being erased. It has a slope
in each dimension: B- in the first, B. in the second. Therefore, it encodes two values, - = B- − 1
and . = B. − 1. We have

-. = (B- − 1)(B. − 1) = B- B. − B- − B. + 1 (∗)= B- + B. − B- − B. + 1 = 1,

where the equality labeled (∗) follows from the B- B. = B- + B. condition provided by Lemma 8.9.
We conclude that the non-linear relation between the two slopes exactly models the inversion
constraint -. = 1 of an ETR-Inv instance.

Proof of Lemma 8.9. As in the proof of Lemma 8.6, we use non-collinear triples to argue that
each orthogonal cross-section requires exactly five breakpoints. Again, because all data lines
are parallel to each other, all orthogonal cross-sections look the same, and all breakpoints
correspond to a breakline that is parallel to the data lines.

All the following observations rely on Observation 8.5.
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• The non-collinear triple (?2 , ?3 , ?4) enforces a breakline of type (∨, 0) strictly between ℓ2
and ℓ4. We call this breakline 11. As (?1 , ?2 , ?3) is collinear in both dimensions, 11 must be
on or to the right of ℓ3 and 5 must be (0, 0) everywhere to the left of 11.

• The non-collinear triple (?5 , ?6 , ?7) enforces a breakline of type (0,∧) strictly between ℓ5
and ℓ7. We call this breakline 13. As (?6 , ?7 , ?8) is collinear in both dimensions, 13 must be
on or to the left of ℓ6 and 5 must be (6, 6) everywhere to the right of 13.

• The non-collinear triple (?7 , ?8 , ?9) enforces a breakline of type (∧,∧) strictly between ℓ7
and ℓ9. We call this breakline 14. As (?6 , ?7 , ?8) and (?8 , ?9 , ?10) are collinear in both
dimensions, 14 must lie on ℓ8.

• The non-collinear triple (?10 , ?11 , ?12) enforces a breakline of type (∨,∨) strictly between ℓ10
and ℓ12. We call this breakline 15. The triples (?9 , ?10 , ?11) and (?11 , ?12 , ?13) are collinear
in both dimensions, so 15 must lie on ℓ11.

The triples enforcing the breaklines 11, 13, 14 and 15 are pairwise disjoint, so all of these
breaklines are indeed necessary.

An orthogonal cross-section of an inversion gadget contains two more non-collinear triples:
(?3 , ?4 , ?5) and (?4 , ?5 , ?6). Both enforce a breakline of type (∧,∨). Note, that all other non-
collinear triples intersecting them have a different type. Therefore, none of the previous four
breaklines is compatible, and at least one more breakline is indeed necessary. Assuming
that ℓ1 , . . . , ℓ13 must be fit with just five breaklines, we call this breakline 12, and conclude that it
must be on or between ℓ4 and ℓ5. Further, 5 must be 0 everywhere in dimension 2 to the left of 12.

It remains to prove that B- B. = B- + B. . To this end, we derive the exact position of 12
between ℓ4 and ℓ5. In dimension 1, we have 5 1(ℓ4 ,Θ) = 3 and 5 1(12 ,Θ) = 6. The distance
between ℓ4 and 12 is 6−3

B-
. In dimension 2, we have 5 2(ℓ5 ,Θ) = 3 and 5 2(12 ,Θ) = 0. The distance

between ℓ5 and 12 is 3−0
B.

. We conclude that 3 = 3
B-
+ 3

B.
, which is equivalent to B- + B. = B- B.

for all B- , B. ≠ 0. �

8.3.5 Applying the inversion gadget

An inversion gadget has two pairs of measuring lines, one in each dimension. The lower and
upper measuring lines in dimension 1 have distance 1 to ℓ4. Similar they have distance 1 to ℓ5 in
dimension 2.

To encode an -. = 1 constraint of an ETR-Inv instance, we first identify two normal variable
gadgets carrying the variables - and .. Then the inversion gadget is placed such that its
measuring lines intersect the measuring lines of the variable gadgets. We copy - to the first
dimension of the inversion gadget at the intersection with the variable gadget for -. Similarly,
we copy . to the second dimension of the inversion gadget at the intersection with the variable
gadget for .. This copying can be achieved using weak data points that are only active in the
respective dimension (having a “≥0” label in the other dimension). See Figure 13 for a top-down
view. Technically, the inversion gadget enforces the inversion constraint only in one dimension
of each variables gadget involved. However, this is sufficient because variable gadgets always
carry the same value in both output dimensions.
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Figure 13: Top-down view on two variable gadgets (horizontal) for variables - (blue) and. (red)
(the data lines are solid, the measuring lines are dashed). The sloped gadget is an inversion
gadget. Two weak data points ?- and ?. copy - and . to the first and second dimension of the
inversion gadget, respectively.

8.3.6 Realizing weak data points: lower bound gadgets

So far, we used weak data points, i. e., data points whose label is just a lower bound on 5 (·,Θ).
Weak data points are just a concept meant to simplify the description of the gadgets; a Train-
F2NN instance cannot contain weak data points. For this reason, we introduce a lower bound
gadget that simulates a weak data point using only ordinary data points, i. e., data points with
constant labels.

Recall that a weak data point can have a lower bound label in either one or in both dimensions.
For this reason, a lower bound gadget can be either active or inactive in each dimension. If
the lower bound gadget is active in some dimension, its breaklines form a ∨-shape of (almost)
arbitrary depth in that dimension. On the other hand, if the lower bound gadget is inactive in
some output dimension, then it is the constant 0 in this dimension.

Formally, a lower bound gadget consists of eight data lines ℓ1 , . . . , ℓ8, numbered from one
side to the other, in the figures from left to right. The following table lists their relative distance
to ℓ1 and their labels.
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(a) The lower bound gadget can be asymmet-
ric.
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(0,∨)-break
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(b) A lower bound gadget has a maximum
contribution to the weak data point of −2.

Figure 14: Cross-sections of a lower bound gadget which is inactive in the first (red) dimension
and active in the second (blue) dimension. It is used to simulate a weak data point in the active
dimension (blue) that lies on the dashed vertical line. It does not contribute to 5 (·,Θ) in the
inactive dimension (red), i. e., all breaklines are erased (type 0).

ℓ1 ℓ2 ℓ3 ℓ4 ℓ5 ℓ6 ℓ7 ℓ8

distance to ℓ1 0 1 2 3 5 6 7 8
label in active dimension(s) 0 0 0 −1 −1 0 0 0
label in inactive dimension 0 0 0 0 0 0 0 0

See Figure 14 for orthogonal cross-sections through a lower bound gadget. We always assume
that a lower bound gadget has at least one active dimension, as it is otherwise unnecessary.

Lemma 8.10. A continuous piecewise linear function 5 that fits ℓ1 , . . . , ℓ8 exactly must have at least
three breaklines. If it has exactly three breaklines, then they must all be parallel to the data lines. In
this case, let 11, 12 and 13 be the breaklines. In an inactive dimension, 5 is the constant 0. In an active
dimension, the following hold.

• 5 is 0 everywhere to the left of 11 and to the right of 13.

• 5 (?,Θ) ≤ −2 for all points ? with equal distance to ℓ4 and ℓ5.

Proof. As in the proof of Lemma 8.6, we use non-collinear triples to argue that at least three
breaklines are necessary for a lower bound gadget with at least one active dimension. Again,
because all data lines are parallel to each other, all orthogonal cross-sections look the same, and
all breakpoints correspond to a breakline that is parallel to the data lines.

The following observations rely on Observation 8.5. In an inactive dimension, all triples are
collinear, so 5 must be 0 everywhere. From now on, we focus purely on the active dimension(s).
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• The non-collinear triple (?2 , ?3 , ?4) enforces a ∧-type breakline strictly between ℓ2 and ℓ4.
We call this breakline 11. By the collinear triple (?1 , ?2 , ?3), 11 must be on or to the right
of ℓ3. Further, 5 must be 0 everywhere to the left of 11.

• The non-collinear triple (?5 , ?6 , ?7) enforces a ∧-type breakline strictly between ℓ5 and ℓ7.
We call this breakline 13. By the collinear triple (?6 , ?7 , ?8), 13 must be on or to the left
of ℓ6. Further, 5 must be 0 everywhere to the right of 13.

Breaklines 11 and 13 are both necessary, as the non-collinear triples enforcing them are disjoint.
The lower bound gadget contains two more non-collinear triples: (?3 , ?4 , ?5) and (?4 , ?5 , ?6),
both of type ∨. Assuming that all data lines are fit with just three breaklines, a third breakline
called 12 must lie on or between ?4 and ?5. The value of 5 (12 ,Θ) can be arbitrarily small.
However, in the extreme case, we have 11 = ℓ4 and 13 = ℓ5, in which case 5 (12 ,Θ) = −2. No
larger values are possible. �

For a lower bound gadgetwith two active dimensions, we canmake the following observation.
It holds because the breaklines must be at the exact same positions in both output dimensions.

Observation 8.11. A lower bound gadget that is active in both dimensions contributes the same amount
in both dimensions.

We need one lower bound gadget per weak data point. It gets placed such that the weak
data point is equidistant to ℓ4 and ℓ5. The weak data point with label ≥ H is converted into an
ordinary data point with label H − 2.

By Lemma 8.10, the lower bound gadget can contribute any value 2 ∈ (−∞,−2] to the new
data point. Thus, the data point can be fit perfectly if and only if the other gadgets contribute at
least a value of H to the data point, that is, the intended lower bound constraint is met.

8.3.7 Realizing data lines using data points

We previously assumed that our gadgets are defined by data lines, while in reality, we are only
allowed to use data points. In this section, we argue that a set of data lines can be simulated by
replacing each data line by three data points. This allows us to define the gadgets described
throughout previous sections solely using data points.

This section is devoted to showing the following lemma, which captures this transformation
formally. Note that our replacement of data lines by data points does not work in full generality,
but we show it for all the gadgets that we constructed.

Lemma 8.12. Assume we are given a set of variable, inversion and lower bound gadgets that in total
requires at least < breaklines (four, five, and three per variable, inversion and lower bound gadget,
respectively). Further, let the gadgets be placed inℝ2 such that no two parallel gadgets overlap. Then each
data line can be replaced by three data points, such that a continuous piecewise linear function with at
most < breaklines fits the data points if and only if it fits the data lines.
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For the proof, consider the line arrangement induced by the data lines. We introduce three
vertical lines E1 , E2 , E3 to the right of all intersections. The vertical lines are placed at unit
distance to one another. In our construction in Section 8.4, we make sure that no data line is
vertical. Thus, each data line intersects each of the vertical lines exactly once. We place one
data point on each intersection between a vertical line and a data line. The new data point
inherits the label of the underlying data line. Furthermore, on each vertical line, we ensure that
the minimum distance 
 between any two data points belonging to different gadgets is larger
than the maximum distance F between data points belonging to the same gadget. This can
be achieved by placing the E1, E2 and E3 far enough to the right and by ensuring a minimum
distance between parallel gadgets. See Figure 15 for an illustration.

v1 v2 v3

≤ w

≥ α

≤ w

ℓ12

ℓ1

ℓ8

ℓ1

Figure 15: Data lines defining a variable gadget (blue) and a lower bound gadget (red), and
their intersections with the vertical lines E1 , E2 , E3. We add a data point at each intersection. The
values 
 and F describe the minimal distance between data lines of different gadgets, and the
maximal distance between data lines of the same gadget, respectively. In orange, we highlighted
three matching breakpoint intervals (forcing a ∧-breakpoint between ℓ4 and ℓ6 of the variable
gadget).

Along each of the three vertical lines, the data points form cross-sections of all the gadgets,
similar to the cross-sections shown in Figures 8, 12 and 14 (but here, the cross-sections are not
orthogonal). We have previously analyzed cross-sections of individual gadgets in the proofs of
Lemmas 8.6, 8.9 and 8.10. There, we identified certain intervals between some of the data lines
that need to contain a breakpoint (the intersection of a breakline and the cross section). We refer
to these intervals as breakpoint intervals along the vertical lines. Note that a breakpoint interval
may degenerate to just one point. By our placement of the vertical lines, the cross-sections (and
thus also the breakpoint intervals) of different gadgets do not overlap.

Any two data lines bounding a breakpoint interval on E1 also bound a breakpoint interval
on E2 and E3. We call the three breakpoint intervals on E1, E2 and E3 which are bounded by the
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same data lines matching breakpoint intervals.
In total, there are 3< breakpoint intervals. We show that the only way to stab each of them

exactly once using < breaklines is if each breakline stabs exactly three matching breakpoint
intervals. The first observation towards this is that each breakline can only stab a single breakline
interval per vertical line because all breakline intervals are pairwise disjoint. Thus, having <
breakpoint intervals on each vertical line, each of the < breaklines has to stab exactly three
intervals, one per vertical line. In a first step, we show that each breakline has to stab three
breakpoint intervals belonging to the same gadget.

Claim 8.13. Each breakline has to stab three breakpoint intervals of the same gadget.

Proof of Claim. The proof is by induction on the number of gadgets. For a single gadget, the
claim holds trivially. For the inductive step, we consider the lowest gadget , (on E1, E2 and E3)
and assume for the sake of contradiction that there is a breakline 1 stabbing a breakpoint interval
of , on E2 and a breakpoint interval of a different gadget ,′ above , on E1. By construction,
the minimum distance 
 between different gadgets is larger than the maximum width F of
any gadget on all three vertical lines. Thus, the distance of any breakpoint interval of ,′ to any
breakpoint interval of , on E1 is larger than the width of , on E3. Therefore, we know that the
breakline 1 intersects E3 below any breakpoint intervals of ,, which is the lowest gadget on E3.
Thus, it stabs at most two breakpoint intervals in total, and therefore not all intervals can be
stabbed. The same reasoning holds if the roles of E1 and E3 are flipped. All breaklines stabbing
breakpoint intervals of , on E2 must therefore also stab breakpoint intervals of , on E1 and E3.
Applying the induction hypothesis on the remaining gadgets, it follows that each breakline only
stabs breakpoint intervals of the same gadget. ⊳

We can therefore analyze the situation for each gadget in isolation. The main idea is to
distinguish by the type of the required breakline. Each breakline must stab three breakpoint
intervals of the same type. Let us summarize the findings about required breakline locations
and types from the proofs of Lemmas 8.6, 8.9 and 8.10 in Table 1.

Table 1: Location and type of the breaklines in variable gadgets, inversion gadgets, and lower
bound gadgets.

Location Type

11 [ℓ3 , ℓ4) (∨,∨)
12 (ℓ4 , ℓ5] (∧,∧)
13 on ℓ7 (∧,∧)
14 on ℓ10 (∨,∨)

(a) Variable gadget.

Location Type

11 [ℓ3 , ℓ4) (∨, 0)
12 (ℓ4 , ℓ5) (∧,∨)
13 (ℓ5 , ℓ6] (0,∧)
14 on ℓ8 (∧,∧)
15 on ℓ11 (∨,∨)

(b) Inversion gadget.

Location Type

11 [ℓ3 , ℓ4) (0,∧)
12 (ℓ4 , ℓ5) (0,∨)
13 (ℓ5 , ℓ6] (0,∧)

(c) Lower bound gadget.

Claim 8.14. To stab all breakpoint intervals of a variable gadget with only four breaklines, each of them
has to stab three matching breakpoint intervals.
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Proof of Claim. See Table 1a. On the three vertical lines, there are six breakpoint intervals for
breaklines of type (∨,∨) in total. If only two breaklines should stab these six breakpoint intervals,
one breakline needs to stab at least two of the single-point intervals. If a breakline goes through
two of the single points, it also goes through the third point, and can thus not go through the
proper intervals. Therefore, one breakline must stab the single-point intervals, and the other
one stabs the proper breakpoint intervals.

The same argument can be made for the breakpoint intervals of type (∧,∧), and thus each
breakline stabs three matching breakpoint intervals. ⊳

Claim 8.15. To stab all breakpoint intervals of an inversion gadget with only five breaklines, each of them
has to stab three matching breakpoint intervals.

Proof of Claim. See Table 1b. All five sets of three matching breakpoint intervals have a different
type of required breakline, thus each breakline stabs three matching breakpoint intervals. ⊳

Claim 8.16. To stab all breakpoint intervals of a lower bound gadget with only three breaklines, each of
them has to stab three matching breakpoint intervals.

Proof of Claim. See Table 1c. There is only one set of three breakpoint intervals for a breakline of
type (0,∨), so it is trivially matched correctly.

We can see that the breakpoint intervals for a breakline of type (0,∧) have distance 2
from each other, each having width 1. If the two breaklines of this type would not stab three
matching breakpoint intervals, one of them would need to stab two matching intervals and one
non-matching interval. As the distance between the vertical lines is equal, and the breakpoint
intervals are further apart from each other than their width, there is no way for a breakline to lie
in this way. We conclude that all breaklines stab three matching breakpoint intervals. ⊳

It also follows from Claims 8.14 to 8.16 that no two breaklines can cross each other between
the vertical lines. Neither can a breakline cross a data line. Together with Claim 8.13, we can
finally prove Lemma 8.12.

Proof of Lemma 8.12. By Claim 8.13, every breakline must stab three breakpoint intervals of the
same gadget. By Claims 8.14 to 8.16, each breakline must stab three matching breakpoint
intervals, and therefore the breaklines do not cross any data lines between the three vertical
lines.

It remains to show that the data points already ensure that each breakline 1 is parallel
to the two parallel data lines 3 and 3′ enclosing it. To this end, consider the parallelogram
defined by 3, 3′, E1 , E3 (see Figure 16) and let 9 be an output dimension in which 1 is not erased.
Since no other breakline intersects this parallelogram, we obtain that 5 9 has exactly two linear
pieces within the parallelogram, which are separated by 1. Moreover, since 1 stabs matching
breakpoint intervals, the three data points on 3 must belong to one of the pieces. Since these
points have the same label, it follows that the gradient of this piece in output dimension 9 must
be orthogonal to 3 (and, thus, to 3′ as well). Applying the same argument on the data points
on 3′, we obtain that the gradient of the other piece must be orthogonal to 3 and 3′ as well.
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This implies that also the difference of the gradients of the two pieces is orthogonal to 3 and 3′.
Finally, since 1 must be orthogonal to this difference of gradients, we obtain that it is parallel
to 3 and 3′. �

v1 v3

b

d′

d

Figure 16: The parallelogram enclosed by the two data lines 3, 3′ and the vertical lines E1, E3.
The three data points (black) on each data line enforce the gradient in both cells to be orthogonal
to the data lines. As a consequence, the breakline 1 (blue) separating the cells has to be parallel
to the data lines.

8.4 Global construction

As a last step in our ∃ℝ-hardness proof of Train-F2NN, we describe the global arrangement
of the different gadgets. To this end, fix an arbitrary ETR-Inv instance. See Figure 17 for a
visualization.

Variables For each variable -, we build a horizontal variable gadget carrying the value of this
variable. We say that this is the canonical variable gadget for -. Lemma 8.6 already ensures
that - ∈

[ 1
2 , 2

]
.

In order to realize the weak data points of the variable gadgets, we add one lower bound
gadget each. They are placed parallel to each other, but not parallel to the variable gadgets.
Further, their stripes must not intersect any other data points.

Addition The following is done for each addition constraint - + . = /, next to each other: For
each variables involved, we copy the value from its canonical variable gadget to a new
variable gadget. To this end, a data point with label 6 is placed on the intersection of the
upper measuring line of the canonical variable gadget and the lower measuring line of the
new variable gadget (Corollary 8.8).
Further, the three new variable gadgets are positioned such that the correct measuring
lines intersect in a common intersection above all horizontal variable gadgets (upper
for -,. and lower for /). A data point with label 10 at the intersection enforces the
addition constraint (Corollary 8.8).
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X1

X2

X3

X4

X1 +X2 −X3 = 0

=

=

=

=

=

=

X1 +X3 −X4 = 0

=1=2

=1

=2

X4 ·X3 = 1

X1 ·X4 = 1

≤ 2

≤ 2

≤ 2

≤ 2

Figure 17: The layout of all gadgets and additional data points for the complete reduction.
Each gadget is simplified to a single line for clarity. Solid: Variable gadgets. Dashed: Inversion
gadgets. Gray: Lower bound Gadgets. A point with label =8 indicates a copy that is only active
in output dimension 8.

Inversion The following is done for each inversion constraint -. = 1, next to each other: We
add an inversion gadget that intersects all canonical variable gadgets. Using weak data
points with label 6 in the respective dimensions, we copy - to the first dimension of the
inversion gadget, and . to its second dimension (Corollary 8.8). The inversion constraint
itself is then enforced by the non-linear relation of the two slopes of the inversion gadget
(Lemma 8.9).
All inversion gadgets are placed parallel to each other.
The weak data points involved are realized by two lower bound gadgets per inversion
gadget. We place them parallel to the lower bound gadgets for the variables, again such
that their stripes do not intersect any other data points.

Based on the global arrangement of the gadgets, we can finally prove our main theorem, i. e.,
the ∃ℝ-completeness of Train-F2NN.

Proof of Theorem 3.1. For ∃ℝ-membership we refer to [3] and to Section 7.
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For ∃ℝ-hardness, we reduce the ∃ℝ-complete problem ETR-Inv to Train-F2NN. Given an
instance of ETR-Inv, we construct an instance of Train-F2NN as described in the previous
paragraphs. We set the target error to � = 0.

Let < be the minimum number of breaklines needed to realize all gadgets of the above
construction: We need four breaklines per variable gadget (Lemma 8.6), five breaklines per
inversion gadget (Lemma 8.9) and three breaklines per lower bound gadget (Lemma 8.10). By
Lemma 8.12, no breakline can contribute to different gadgets, so we need exactly that many.

In the remainder of the proof, we show equivalence of the following statements.

(1) The ETR-Inv instance is a yes-instance, i. e., there exists a satisfying assignment of the
variables.

(2) There exists a continuous piecewise linear function with < breaklines that fits all data
points of the constructed Train-F2NN instance. Further, it fulfills the conditions of
Lemma 8.2.

(3) The Train-F2NN instance is a yes-instance, i. e., there exists a fully connected two-layer
neural network with < hidden ReLU neurons exactly fitting all the data points.

To see that (1) implies (2), assume that there is a satisfying assignment of the ETR-Inv
instance with all variables in

[ 1
2 , 2

]
. For each variable -, we use B- = - + 1 as the slope of all

corresponding variable gadgets and inversion gadgets. The superposition of all these gadgets
yields the desired continuous piecewise linear function. It satisfies Lemma 8.2 because, first, the
gadgets are built in such a way that functions fitting all data points are zero everywhere except
for within the gadgets, and second, the gradient condition is satisfied for each gadget separately
and, hence, also for the whole function.

For the other direction, i. e., that (2) implies (1), assume that such a continuous piecewise
linear function exists. By Lemmas 8.10 and 8.12, the data points enforce exactly the same
continuous piecewise linear function as the conceptual data lines and weak data points would.
Then, by Lemmas 8.6 and 8.9, this continuous piecewise linear function has the shape of the
gadgets. The fact that all data points are fit implies that the slopes of the variable and inversion
gadgets indeed correspond to a satisfying assignment of ETR-Inv.

Lemma 8.2 yields that (2) implies (3).
It remains to prove that (3) implies (2). To this end, first note that the function realized by a

fully connected two-layer neural network with < hidden ReLU neurons is always a continuous
piecewise linear function with at most < breaklines that additionally satisfies the gradient
condition by Lemma 8.2. The existence of a (0, 0)-cell follows from the fact, that all gadgets are 0
everywhere outside their stripes.

The Train-F2NN instance can be constructed in polynomial time, as the gadgets can be arranged
in such a way that all data points (residing on intersections of lines) have coordinates which can
be encoded in polynomial length.

To ensure the latter, we make sure that all angles between data lines are such that their sin
and cos value are rational numbers with small encoding size. Angles with rational sin and
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cos values correspond to rational points on the unit circle, which form a group with respect to
rotation (i. e., addition of angles). Furthermore, these points are a dense subset of the unit circle.

The number of hidden neurons < is linear in the number of variables and the number of
constraints of the ETR-Inv instance. The number of data points can be bounded by 10<, thus
the number of hidden neurons is linear in the number of data points.

As can be gathered from Lemmas 8.6, 8.9 and 8.10 and Corollary 8.8, the set of labels used
has cardinality 13 as claimed. �

Remark 8.17. Note that if the ETR-Inv instance is satisfiable, then each variable gadget and
inversion gadget in a corresponding solution Θ to the constructed Train-F2NN instance has
a maximum slope of 3 in each dimension. Furthermore, no lower bound gadget needs to
contribute less than −12 to satisfy its corresponding weak data point. Thus, there must also be
a solution Θ′, where each lower bound gadget is symmetric, and thus the function 5 (·,Θ′) is
Lipschitz continuous with a low Lipschitz constant !, which in particular does not depend on
the given ETR-Inv instance. Checking all the different ways how our gadgets intersect, one can
verify that ! = 25 is sufficient.

Remark 8.18. The number of data points and neurons used in the reduction is linear in the
number of variables and constraints of the ETR-Inv instance. To see this, observe that each
variable or constraint only introduces a constant number of gadgets, each gadget consists of a
bounded number of data lines and a bounded number of additional data points, and each data
line is realized with three data points.

9 Algebraic universality

It remains to prove the algebraic universality of Train-F2NN. Intuitively, it suffices to show that
a solution of an ETR-Inv instance can be transformed into a solution of the corresponding Train-
F2NN instance (and vice versa) using only basic field arithmetic, that is, addition, subtraction,
multiplication, and division.

For the following lemma, let Φ be an instance of ETR-Inv with : variables, and let # be
an instance of Train-F2NN with a total of ℓ weights and biases. Further, # was constructed
fromΦ via our reduction. We denote by+(Φ) ⊆ ℝ: the set of all satisfying variable assignments.
Similarly, let +(#) denote the set of all weight–bias assignments that fit all data points.

Lemma 9.1. The following holds for any field extension F of ℚ.

+(Φ) ∩ F : ≠ ∅ ⇐⇒ +(#) ∩ F ℓ ≠ ∅.

Proof. “=⇒:” Let -1 , . . . , -= ∈ +(Φ) ∩ F : be a satisfying variable assignment for Φ. In our
reduction, we place our data points on rational coordinates, and thus all implied data
lines can be described by equations with rational coefficients. There exists a unique
continuous piecewise linear function 5 which fits these data points, corresponds to the
solution -1 , . . . , -= , and in which all lower bound gadgets are symmetric. This function
can be realized by a fully connected two-layer neural network by Lemma 8.2. The gradients

THEORY OF COMPUTING, Volume 22 (6), 2026, pp. 1–48 37

http://dx.doi.org/10.4086/toc


D. BERTSCHINGER, C. HERTRICH, P. JUNGEBLUT, T. MILTZOW, AND S. WEBER

of all cells in this function can be obtained through elementary operations from the
values -1 , . . . , -= and rational numbers. Furthermore, all breaklines can be described
by equations with coefficients derivable from these same numbers. Thus, there exists an
assignment Θ ∈ F ℓ of weights and biases for the neural network which realize function 5 ,
showing that Θ ∈ +(#) ∩ F ℓ ≠ ∅.

“⇐=:” Let Θ ∈ +(#) ∩ F ℓ be an assignment of weights and biases fitting all data points of
the Train-F2NN instance # . For each variable - of Φ, there is a canonical variable
gadget corresponding to - whose slope B- satisfies - = B- − 1. There is a unique hidden
neuron E8 contributing the first breakline of that variable gadget. Using the notation
from Section 8.1, the slope of this variable gadget is 02,8 · 28 ,1, because the variable gadget
is horizontal (implying that 01,8 = 0) and its output is equal in both output dimensions
(implying 28 ,1 = 28 ,2). Thus, - = 02,8 · 28 ,1 − 1, which is clearly in F . The same holds for all
other variables, thus +(Φ) ∩ F : ≠ ∅. �

Now Theorem 3.2, i. e., the algebraic universality of Train-F2NN, follows directly from the
algebraic universality of ETR-Inv (Theorem 8.4) combined with Lemma 9.1.
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