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Abstract. Goldwasser et al. (ITCS’21) proposed the setting of PAC verification,

where a hypothesis (machine learning model) that purportedly satisfies the agnostic

PAC learning objective is verified using an interactive proof. In this paper we

develop this notion further in a number of ways. First, we prove a lower bound of

Ω

(√
3/�2

)
i.i.d. samples for PAC verification of hypothesis classes with VC dimension

3. Second, we present a protocol for PACverification of unions of intervals overℝ that

improves upon their proposed protocol for that task, and matches our lower bound’s

dependence on 3. Third, we introduce a natural generalization of their definition to

verification of general statistical algorithms, which is applicable to a wider variety of

settings beyond agnostic PAC learning. Showcasing our proposed definition, our

final result is a protocol for the verification of statistical query algorithms that satisfy

a combinatorial constraint on their queries. In particular, this protocol can be used

for verification of adaptive data analysis.

1 Introduction

Comparing what can be computed in a given model of computation versus what can be verified

in that model is a recurring theme throughout the fields of computability and computational

A conference version of this paper appeared in the Proceedings of the Thirty-Sixth Conference on Learning

Theory (COLT’23) [25].
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complexity. The most notorious example is of course the P vs. NP problem, which asks whether

the set of decision problems that can be solved in polynomial time equals the set of decision

problems whose solution can be verified in polynomial time given a suitable proof string. But

the same question has been studied for many other settings and models of computation as well,

with prominent examples including L vs. NL (for logspace computation), P vs. IP = PSPACE
(polytime computation, with an interactive proof) and MIP∗ = RE (ditto, with multiple quantum

provers). The existence of a gap between computing and verifying is sometimes interpreted as

capturing the notion of creativity, in the sense that finding a solution to a problem might require

discovery or inventiveness, while verifying a formal proof for the same is merely rote work.

While this theme has deep roots in the literature and an appealing interpretation, its parallels

for learning have only recently been explored for the first time. In the context of PAC1 learning,

Goldwasser et al. [15] introduced the setting of PAC verification, in which an untrusted prover

attempts to convince a verifier that a certain classifier has nearly optimal loss with respect to a

fixed unknown distribution from which the verifier can take random samples. Specifically, they

work in the agnostic PAC learning setting, where the objective is to find a hypothesis ℎ that has

nearly optimal loss compared to a hypothesis classℋ in the sense

!0-1

D (ℎ) ≤ inf

ℎ′∈ℋ
!0-1

D (ℎ
′) + �, (1.1)

where !0-1

D denotes 0-1 population loss2 andℋ is some fixed and known hypothesis class (formal

definitions appear in Sections 1.3 and 2.2 below).

Seeing as complexity gaps between computation and verification for general computational tasks

are already well-studied3, the main novelty in this setting concerns sample complexity gaps.

They show that for some hypothesis classes (but not for others) the number of i.i.d. samples

necessary to find a hypothesis with nearly optimal loss is strictly greater than the number of

i.i.d. samples necessary for verifying, with the help of an untrusted prover, that a proposed

hypothesis has nearly optimal loss.

Beyond the (substantial) theoretical motivation, this setting could have meaningful (and timely)

real-world applications. First, if a sample complexity gap exists then a verifiable “data collection

with ML training” service becomes a viable business model. The provider would collect suitable

training data from the desired population distribution, execute a chosen ML algorithm, and

subsequently prove to the client that the end result is good with respect to the population

distribution. The client would only need a small amount of independent data from the

population distribution to determine the veracity of the claim. Beyond this, Goldwasser et

al. [15] envision a variety of other applications, such as more efficient schemes for replicating

scientific results in the empirical sciences.

1Probably Approximately Correct (PAC) is the standard theoretical model for supervised learning, introduced by

Vapnik and Chervonenkis [36] and Valiant [35]. Agnostic PAC learning is a generalization to the non-realizable case,

introduced by Haussler [17]. See also [32].

2The 0-1 loss is !0-1

D (ℎ) = ℙ(G,H)∼D[ℎ(G) ≠ H]. See Definition 1.5.

3Namely, the relations between P, NP,MA, AM and IP have been studied extensively. In particular, doubly efficient

delegation of general computational tasks has also been studied, see, e. g., [14].
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1.1 Our contributions

PAC verification is novel territory, and very little is currently known. The current paper aims

to make some modest steps towards charting this landscape. We focus on studying sample

complexity gaps between learning and verifying specifically in terms of the dependence on the

VC (Vapnik–Chervonenkis) dimension. We start with showing a lower bound for the sample

complexity gap. Prior to our work, one could imagine that some classes would give rise to very

large gaps, e. g., $
(
log(3)

)
i.i.d. samples for verifying vs. the Θ(3) samples that are known to

be necessary and sufficient for learning, where 3 = VC(ℋ). Our first result shows that the gap

can be at most quadratic. Namely, for every hypothesis class, PAC verification requires that the

verifier use at least Ω

(√
3
)
i.i.d. random samples.

Second, we show that our lower bound’s dependence on the VC dimension is tight in some

cases, by improving upon a result of Goldwasser et al. [15] to obtain a PAC verifier for the class

of unions of intervals on ℝ that uses $
(√
3
)
i.i.d. random samples. The previous result was an

upper bound for a weaker notion of verification, that guarantees only that !0-1

D (ℎ) ≤ 2 · Opt + �,
where Opt = infℎ′∈ℋ !

0-1

D (ℎ
′) (instead of Opt + � as in Eq. (1.1)). Their result applied only to a

specific restriction of the class of unions of intervals, while our technique works for the restricted

and for the unrestricted versions of the class.4

Third, we take a step towards making the notion of PAC verification more applicable in practical

settings. Many ML and data science algorithms that people use in practice, and might like

to delegate to an untrusted service, do not obtain (or at least do not provably obtain) the

objective of agnostic PAC learning as in Eq. (1.1). Instead, they obtain some quantity of

loss which is typically good enough in practice. With this reality in mind, we introduce a

generalization of PAC verification that guarantees that the outcome is competitive with a specific

algorithm. Namely, the verifier guarantees that with high probability, the hypothesis ℎ satisfies

!0-1

D (ℎ) ≤ E
[
!0-1

D (ℎ�)
]
+ �, where ℎ� is the (possibly randomized) output of the algorithm (see

Definition 2.4).

Fourth, we study PAC verification of statistical query algorithms. For a batch q of statistical

queries, we define a notion of partition size, denoted PS(q), which is the number of atoms in the

�-algebra generated by q. We show that whenever this quantity is sufficiently small, there is a

sample complexity gap between execution and verification of the statistical query algorithm.

Lastly, we show natural examples that exhibit sample complexity gaps. Both our lower bound

and our upper bound apply to a simple example of optimizing a portfolio with advice. We also

present examples of verification in graphs, and verification of adaptive data analysis.

4Specifically, their result applied to functions where the domain is partitioned into 3 fixed and known subdomains

of equal length. Within each subdomain, the function is a threshold function of the form 5 (G) = 1(G ≥ C).
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1.2 Related work

Chiesa and Gur [10] initiated the study of interactive proofs for properties of distributions. That

setting is a closely related precursor to PAC verification, since PAC verification can be viewed

as the special case of verifying that an unknown population distribution D has the property

that a proposed hypothesis is nearly optimal with respect toD. They showed general bounds

in terms of the support size. However, they did not consider tighter bounds that depend on

combinatorial characterizations of the distribution testing property of interest (e. g., bounds that

depend on the VC dimension).5
,
6

The study of PAC verification of a hypothesis class was introduced by Goldwasser et al. [15],

who considered interactive proofs for properties of distributions in the specific context of

machine learning. In particular, they also considered the relationship between the VC dimension

of the class and the sample complexity of verification. They showed a lower bound that is

incomparable with our lower bound7, and they showed an upper bound for unions of intervals

which is weaker than our upper bound. Our definition of PAC verification of an algorithm is

closely modeled on their definition.

Recently, a line of work has emerged on the general theme of distribution testing and interactive

proofs for properties of distributions in the context of machine learning. These include [5], [2],

[30] and [18], among others. Caro et al. [9] studied PAC verification with a quantum prover.

Seshia et al. [31] survey the use of formal methods for verification of AI systems.

Shortly before this article went to print, the authors were informed of concurrent ongoing work

by Ngo and Kim [26], who investigate proof systems for delegating adaptive statistical query

algorithms in detail. They independently discovered the results of Section 3.3, and further, show

how to provide non-adaptive, publicly verifiable certificates of statistical validity.

1.3 Preliminaries

Notation 1.1. ℕ = {1, 2, 3, . . . }, i. e., 0 ∉ ℕ. For every = ∈ ℕ, we denote [=] = {1, 2, 3, . . . , =}.

Notation 1.2. For a set Ω, we write Δ(Ω) to denote the set of all probability measures defined

on the measurable space (Ω, ℱ ), where ℱ is some fixed �-algebra that is implicitly understood.

5For example, Theorem 1.1 in Chiesa and Gur [10] describes a proof system where the verifier has sample

complexity $
(√
=
)
, where = is the size of the domain. In contrast, our results depend on combinatorial quantities

like the VC dimension and the partition size, which may be much smaller (independent of =).

6Additionally, Chiesa and Gur [10] consider interactive proofs where the prover is unbounded, while we follow

Goldwasser et al. [15] and insist on doubly efficient proof systems, where both the prover and verifier must be

efficient in terms of runtime and sample complexity.

7Their lower bound is stronger than ours, since it is a lower bound of Ω̃(3) for a class with VC dimension 3, while

our lower bound isΩ

(√
3
)
. However, our lower bound is stronger than theirs in the sense that it applies to all classes,

while their lower bound applies only to specific classes. Additionally, their lower bound only applies to proper PAC

verification, while our lower bound applies to both proper and improper PAC verification.
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Definition 1.3. Let P ,Q be probability measures defined on a measurable space (Ω, ℱ ). The
total variation distance between P and Q is TV(P ,Q) = sup�∈ℱ |P(�) − Q(�)|.

PAC Learning

Definition 1.4. Let X be a set, and let ℋ ⊆ {0, 1}X be a set of functions. Let : ∈ ℕ, - =

{G1 , G2 , . . . , G:} ⊆ X. We say that ℋ shatters - if for every H1 , H2 , . . . , H: ∈ {0, 1} there exists

ℎ ∈ ℋ such that ℎ(G8) = H8 for all 8 ∈ [:]. The Vapnik–Chervonenkis (VC) dimension of ℋ ,

denoted VC(ℋ), is the largest 3 ∈ ℕ for which there exists a set - ⊆ X of cardinality 3 that is

shattered byℋ . Ifℋ shatters sets of arbitrarily large cardinality, we say that VC(ℋ) = ∞.

Throughout most of this paper we use loss functions of the type common in PAC learning,

where the loss of a hypothesis with respect to a distribution is defined as the expected loss of

that hypothesis on a randomly drawn sample from the distribution, as follows.

Definition 1.5. Let Ω and ℋ be sets. A loss function is a function ! : Ω × ℋ → [0, 1]. Let

ℎ ∈ ℋ , and let ( = (I1 , . . . , I<) ∈ Ω<
be a vector. The empirical loss of ℎ with respect to ( is

!((ℎ) = 1

<

∑
8∈[<] !(I8 , ℎ). For every distribution D ∈ Δ(Ω), the loss of ℎ with respect to D is

!D(ℎ) = E/∼D[!(/, ℎ)]. The loss ofℋ with respect toD is !D(ℋ) = infℎ′∈ℋ !D(ℎ′).
The 0-1 loss, denoted !0-1

, is the special case in which X is a set, Ω = X × {0, 1},ℋ ⊆ {0, 1}X ,
and !((G, H), ℎ) = 1(ℎ(G) ≠ H).

However, in Definition 2.4 below we also consider more general types of loss.

Definition 1.6. Let X be a set, and letℋ ⊆ {0, 1}X be a class of hypotheses. We say thatℋ is

agnostically PAC learnable if there exist an algorithm � and a function <� : [0, 1]2 → ℕ such

that for every �, � ∈ (0, 1) and every distributionD ∈ Δ(X × {0, 1}), if � receives as input a tuple

of <�(�, �) i.i.d. samples fromD, then � outputs a function ℎ ∈ ℋ satisfying

ℙ
[
!0-1

D (ℎ) ≤ !
0-1

D (ℋ) + �
]
≥ 1 − �.

In words, this means that ℎ is probably (with confidence 1 − �) approximately correct (has loss

at most � worse than the optimal loss inℋ ). The point-wise minimal such function <� is called

the sample complexity ofℋ .

PAC Verification of a Hypothesis Class

Definition 1.7 (PAC Verification of a Hypothesis Class; a special case of Goldwasser et al. [15],

Definition 4). Let X be a set, let D ⊆ Δ(X × {0, 1}) be a set of distributions, and letℋ ⊆ {0, 1}X
be a class of hypotheses. We say that ℋ is PAC verifiable with respect to D using random

samples if there exist an interactive proof system consisting of a verifier + and an honest prover

% such that for every �, � ∈ (0, 1) there exist <+ , <% ∈ ℕ such that for everyD ∈ D, the following

conditions are satisfied:
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• Completeness. Let the random variable

ℎ+ = [+((+ , �, �), %((% , �, �)] ∈ {0, 1}X ∪ {reject}

denote the output of + after interacting with %, where they receive as input parameters �
and �, as well as sets (+ and (% (respectively) of i.i.d. samples fromD. Then

ℙ(+∼D<+ ,(%∼D<%

[
ℎ+ ≠ reject ∧

(
!0-1

D (ℎ+) ≤ !
0-1

D (ℋ) + �
)]
≥ 1 − �.

• Soundness. For every (possibly malicious and computationally unbounded) prover %′

(which may depend onD, �, and �), the verifier’s output ℎ+ = [+((+ , �, �), %′] satisfies

ℙ(+∼D<+ ,(%∼D<%

[
ℎ+ = reject ∨

(
!0-1

D (ℎ+) ≤ !
0-1

D (ℋ) + �
)]
≥ 1 − �.

In both conditions, the probability is over the randomness of the samples (+ and (% , as well as

the randomness of + , % and %′.

If + has the additional property that for every prover, with probability 1, ℎ+ ∈ ℋ ∪ {reject},
then we say that the interactive proof system is proper and that ℋ is proper PAC verifiable.

Otherwise, they are improper.

Remark 1.8. [15, Definition 4] is more general than Definition 1.7. In particular, they allow for

other types of oracle access to the unknown distribution beyond random samples, and they also

consider verifying multiplicative approximations to the optimal loss. We focus on the special

case of verifying additive approximations where both parties use random samples. �

2 Technical overview

2.1 Bounds for verification of VC classes

Our first result is a lower bound for the number of i.i.d. random samples the verifier requires to

successfully PAC verify a class. Full proofs for all results are deferred to Sections 4 to 6.

Theorem 2.1. There exist constants �, 2 > 0 as follows. Let � ∈ (0, 1), � = 1/3, let X be a set, and
let ℋ ⊆ {0, 1}X be a hypothesis class with VC(ℋ) = 3 ∈ ℕ. Assume that (+, %) is a (proper or
improper) interactive proof system that PAC verifiesℋ with parameters (�, �) with respect to the set of
all distributions D = Δ(X × {0, 1}), and the verifier + uses <+ = <+(3, �) i.i.d. labeled samples. Then
<+(3, �) ≥ (� ·

√
3 − 2)/�2.

Remark 2.2. The lower bound in Theorem 2.1 holds:
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1. Regardless of whether the prover is efficient and has sample access to the population

distribution, or is computationally unbounded and has full knowledge of the population

distribution; and

2. Regardless of whether the verification protocol is proper or improper. This is in contrast

to the Ω̃(3) lower bound in [15, Lemma 4.1], which applies only to proper verification.

Proof Idea. This is an application of Le Cam’s method (Claim 8.6), together with a reduction

from distribution testing to PAC verification. Consider distributions where the marginal over the

domain is uniform on a fixedℋ -shattered set of size 3. PAC verification requires distinguishing

the case of truly random labels (where the loss of the class is
1/2), from the case where the labels

are �-biased (and the loss of the class is
1/2 − �). An Ω

(√
3/�2

)
lower bound for distinguishing

these two cases is due to Paninski [27]. �

Our second result shows that the lower bound’s dependence on 3 is tight for a specific class.

Theorem 2.3. Let 3 ∈ ℕ, and let

ℋ3 =

1- : - =
⋃
8∈[3]
[08 , 18] ∧ (∀8 ∈ [3] : 0 ≤ 08 ≤ 18 ≤ 1)

 ⊆ {0, 1}[0,1]
be the class of boolean-valued functions over the domain [0, 1] that are indicator functions for a union of
3 intervals. There exists a proper interactive proof system that PAC verifies the classℋ3 with respect to
the set of all distributions over [0, 1] × {0, 1}, such that the verifier uses

<+ = $

(√
3 log(1/�)
�2.5

)
random samples, the honest prover uses

<% = $

(
32

�4

+
3 log(1/�)

�3

)
random samples, and both the verifier and the honest prover run in time polynomial in their numbers of
samples.

Proof Idea. A discretization of the population distribution is induced by partitioning the domain

[0, 1] into 3/� intervals, each of which has weight �/3 according to the population distribution.

In the discretized distribution, the probability mass from each interval is lumped together into a

single arbitrary point in that interval. We show that to find an �-suboptimal union of intervals,

it suffices to know this discretized distribution. The prover sends the (purported) discretized

distribution to the verifier. The verifier uses a distribution identity tester to verify that the

provided distribution is a correct discretization of the population distribution. This is possible

using $
(√
3
)
samples, because the support of the discretized distribution is of size $(3). �
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2.2 Verification of statistical algorithms

Many popular algorithms do not come with provable PAC-like guarantees, but tend to work

well in practice. Such heuristics are common in machine learning, data science, optimization,

operations research, finance, etc. People might like to delegate the task of collecting data

and executing an algorithm on that data to an untrusted party. To capture this notion, our

next contribution is a new definition of PAC verification of an algorithm.8 This generalizes the

definition of PAC verification of a hypothesis class (Definition 1.7, introduced by [15]), which

corresponds to the special case of PAC verifying an algorithm that is an agnostic PAC learner for

the class.

Definition 2.4 (PAC Verification of an Algorithm). Let Ω be a set, let D ⊆ Δ(Ω) be a set of

distributions, letℋ be a set (called the set of possible outputs), and for eachD ∈ D let OD be an

oracle. Let � be a (possibly randomized) algorithm that takes no inputs, has query access to OD ,
and outputs a value ℎ� = �

OD ∈ ℋ . Let ! : D×(ℋ ∪ {reject}) → [0, 1] be an arbitrary function9,

let !D(·) denote !(D , ·), and define the loss of an algorithm as !D
(
�OD

)
= E[!D(ℎ�)], where

the expectation is over the randomness of � and of the oracle OD . We say that the algorithm �

with access to oracles {OD}D∈D is PAC verifiable with respect to D by a verification protocol

that uses random samples if there exists an interactive proof system consisting of a verifier +

and an honest prover % such that for every �, � ∈ (0, 1) there exist <+ , <% ∈ ℕ such that for every

D ∈ D, the following conditions are satisfied:

• Completeness. Let the random variable

ℎ+ = [+((+ , �, �), %((% , �, �)] ∈ ℋ ∪ {reject}

denote the output of + after interacting with %, where they receive as input parameters �
and �, as well as sets (+ and (% (respectively) of i.i.d. samples fromD. Then

ℙ(+∼D<+ ,(%∼D<%

[
ℎ+ ≠ reject ∧ !D(ℎ+) ≤ !D

(
�OD

)
+ �

]
≥ 1 − �.

• Soundness. For every deterministic or randomized (possibly malicious and computation-

ally unbounded) prover %′ (which may depend on D, �, � and {OD}D∈D), the verifier’s
output ℎ = [+((+ , �, �), %′] satisfies

ℙ(+∼D<+

[
ℎ+ = reject ∨ !D(ℎ+) ≤ !D

(
�OD

)
+ �

]
≥ 1 − �.

In both conditions, the probability is over the randomness of the samples (+ and (% , as well as

the randomness of + , % and %′.

8This notion differs from delegation of computation, in that the data (the input to the algorithm) is collected by

the untrusted prover.

9Note that this is more general than in Definition 1.5.
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In other words, whereas the definition of Goldwasser et al. [15] required that the interactive

proof system guarantee that a hypothesis is competitive with respect to every hypothesis inℋ ,

our definition requires that it be competitive with respect to a specific algorithm.

Remark 2.5. PAC verification of an algorithm � requires that !D(ℎ+) ≤ Opt� + � with high

probability. Two natural candidate definitions for Opt� include (1) Opt� = !D(ℎ�), and (2)

Opt� = E[!D(ℎ�)]. Candidate (1) requires that with high probability the verifier’s output be at

most � worse than the output of executing algorithm �, while (2) requires that it be at most �
worse than the expected loss of �.

The loss !D(ℎ�) is a random variable that depends, inter alia, on the random samples used

by � (more generally: on the randomness of the oracle used by �). A crucial aspect of PAC

verification is that the verifier use less random samples than are necessary for executing �, and

in particular it cannot access the random samples used by �. So the verifier cannot know what

loss was obtained in any particular execution of �. Therefore, we reject candidate (1) and adopt

candidate (2). �

As an application of this new definition, we show that some statistical query algorithms (see

Definitions 6.1 and 6.3) can be PAC verified via a protocol in which the verifier uses less i.i.d.

samples than would be required for simulating the statistical query oracle used by the algorithm.

Specifically, for a batch q of statistical queries, the partition size PS(q) is the number of atoms in

the �-algebra generated by q. If the algorithm uses only batches with small partition size then

verification is cheap, as in the following theorem.10

Theorem 6.12 (Informal version). Let � be a statistical query algorithm that adaptively generates

at most 1 batches of queries with precision � such that each batch q satisfies PS(q) ≤ B. Then �
is PAC verifiable by an interactive proof system where the verifier uses

<+ = Θ

(√
B log(1/��)

�2

+
log(1/��)

�2

)
i.i.d. samples. Both the verifier and the honest prover run in polynomial time.

Proof Idea. The verifier simulates algorithm �. Each time � sends a batch of queries to be

evaluated by the statistical query oracle, the verifier sends the queries to the prover, and

the prover sends back a vector of purported evaluations. The verifier uses $
(√
B/�2

)
i.i.d.

random samples to execute a distribution identity tester (Theorem 5.1) to verify that the prover’s

evaluations are correct up to the desired accuracy �. �

In particular, Theorem 6.12 implies the following separation:

10In other words, if the set of queries q used by the algorithm is generated by a small set of queries a (“atoms”), in

the sense that every query in q indicates a disjoint union of queries in a, then estimating a suffices for estimating q.
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Corollary 6.15 (Informal version). Let 3 ∈ ℕ and let � be a statistical query algorithm such that

each batch of queries generated by � corresponds precisely to a �-algebra with 3 atoms. Then

simulating � using random samples requires Ω
(
3/�2

)
random samples, but there exists a PAC

verification protocol for � where the verifier uses $
(√
3/�2

)
random samples.

The $
(√
3/�2

)
upper bound in Corollary 6.15 is tight due to the lower bound of Theorem 2.1.

3 Examples

This section shows how our setting and results can be applied. In particular, it illustrates the

utility of our new definition of PAC verification of an algorithm (Definition 2.4) for modeling

verification in cases that do not fit naturally within the definition of Goldwasser et al. [15] of

PAC verification of a hypothesis class (Definition 1.7).

There are perhaps two main differences between our setting in Definition 2.4 and that of

Definition 1.7.

1. Task. PAC verification of a hypothesis class was intended to capture verification of PAC

learning. In particular, it focuses on a setting of classification or regression, where there

exists a population distribution D of (G, H) pairs, and the objective is to find a function

5 that minimizes the probability that 5 (G) is far from H for a random pair (G, H) ∼ D
(formally, to minimize ℙ[H ≠ 5 (G)] or E

[
(H − 5 (G))2

]
, etc.). In contrast, PAC verification of

an algorithm is interested in verification of any statistical algorithm, not just classification

or regression. In particular:

(a) The population distribution might not be structured as (G, H) pairs; and
(b) The objective is not necessarily to minimize the expected value EI∼D[!( 5 , I)] of a

local loss function ! that is defined for individual I.

2. Benchmark. Perhaps most importantly, in PAC verification of a hypothesis class, the

objective is to ensure that a hypothesis is competitive with the best hypothesis in a

hypothesis class. In contrast, in PAC verification of an algorithm, the objective is to ensure

that the selected hypothesis is competitive with the output of a chosen algorithm, which

may not itself possess any formal guarantees.

3.1 Basic tasks beyond PAC learning

Our first two examples demonstrate Item 1 above, by showing that PAC verification of an

algorithm can be used to model tasks that are not instances of PAC learning.

Example 3.1 (Optimizing a portfolio with advice). Consider a task in which an agent selects

a subset ( consisting of = items from the set Ω = [2=]. Subsequently, an item 8 ∈ Ω is chosen
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at random according to a distribution D ∈ Δ(Ω) that is unknown to the agent, and the agent

experiences loss !(8 , () = 1(8 ∉ ().
To help make its decision, the agent has access to an i.i.d. sample / = (I1 , . . . , I<) ∼ D<

. Let

ℋ =
(
Ω

=

)
denote the collection of subsets of size = that the agent could select. VC(ℋ) = =, and

therefore estimating the expected loss !D(() of each possible choice ( ∈ ℋ up to precision � > 0

requires <� = Ω
(
(= + log(1/�))/�2

)
samples.

By Corollary 6.15, if the agent can receive advice from an untrusted prover, it can make an

�-optimal choice using <+ = $
(√
= log(1/��)/�2

)
i.i.d. samples.11 Note that <+ � <� for large

=. Furthermore, our expression for <+ is tight in the sense that, by Theorem 2.1,Ω
(√
=
)
samples

are necessary for verifying the advice of an untrusted prover. �

Strictly speaking, the foregoing example is not an instance of PAC verification of a hypothesis

class, because the population distribution is not structured as (G, H) pairs (Item 1a above), and

the objective is not to predict the correct label H for a given input G.

However, there is a very simple reduction from the previous example to proper PAC verification

of a hypothesis class, because the objective is still expressed in terms of the expectation of a

local loss function !(8 , () as in PAC learning.12 In contrast, our next example is further removed

from PAC learning. Here too, the distribution is not structured as (G, H) pairs. But furthermore,

the objective is not to minimize the expected value of a local loss function that is known to the

verifier (Item 1b).13

Example 3.2 (Verification of distribution learning14). Let Ω = [=]. Consider a task in which an

agent has access to an i.i.d. sample / = (I1 , . . . , I<) ∼ D<
from some distribution D ∈ Δ(Ω)

that is unknown to the agent. The agent selects a distribution D̂ ∈ Δ(Ω), and experiences loss

!D
(
D̂

)
= TV

(
D̂ ,D

)
.

It is well known that to achieve loss at most � with probability at least 1 − �, it is necessary and

sufficient to take <� = Θ
(
(= + log(1/�))/�2

)
samples ([6], Theorem 1). In contrast, if the agent

has access to advice from an untrusted prover then <+ = $
(√
= log(1/�)�−2

)
i.i.d. samples are

sufficient. The honest prover simply sends the verifier a description of a distribution D̃ ∈ Δ(Ω)

11We invoke Corollary 6.15 with a single set of queries, q, which is the set of all functions [2=] → {0, 1}. This set
has VC(q) = 2= and |q| = 2

2=
.

12Namely, letD
1
be the distribution over pairs (G, 1)where G ∼ D, and letℋ be the collection of indicator functions

for subsets of size = of [2=]. Then proper PAC verification ofℋ with respect toD
1
is equivalent to the task in the

example.

13To be precise, in Example 3.2 the objective is to minimize the total variation distance between the true distribution

D and a distribution D̂ selected by the agent. Because the total variation distance is an 5 -divergence [28], it can

be expressed as TV
(
D̂ ,D

)
= EI∼D[ 5 (I)] for 5 (I) = 1

2
|D̂(I)/D(I) − 1|. However, the function 5 depends on the

distributionD, which is unknown to the agent. This is different from the PAC verification setting, where the loss

function (e. g., the 0-1 loss or square loss) is known to the verifier.

14Example 3.2 is similar to [10, Theorem 1] (see Corollary 3.5 in the full version of that paper).
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that has loss at most �/
√
=. The verifier uses distribution testing (Theorem 5.1) to decide whether

!D
(
D̃

)
≤ �/
√
= or !D

(
D̃

)
≥ �, and accepts if and only if the former case holds. �

Distribution learning is a very basic and useful task, so we will invoke Example 3.2 as a

subroutine in some of the following examples.

3.2 Verification in graphs

A large collection of concrete tasks that might be of interest and that fall within the setting of

Definition 2.4 involve solving various problems on graphs given random samples that convey

information about the graph.

We will in particular use an example on graphs to demonstrate the difference in benchmark
between PAC verification of a hypothesis class and PAC verification of an algorithm (Item 2

above).

Example 3.3 (Approximate Vertex Cover). Fix = ∈ ℕ. For every undirected graph � = (+, �)
with + = [=], letD� be the uniform distribution on �.

Consider the task of finding a vertex cover in the graph �. Recall that a vertex cover is a subset

of vertices ( ⊆ + such that for each 4 ∈ �, 4 ∩ ( ≠ ∅. The agent does not know �, but it knows

=, and it has access to an i.i.d. sample / = (I1 , . . . , I<) ∼ D<
�
.

Finding a minimum vertex cover is NP-hard, but it is easy to find an approximation. Specifically,

we are interested in PAC verification of GreedyVertexCover (Algorithm 1), which is a simple

algorithm that constructs a 2-approximation of the minimum vertex cover. The approximation

algorithm simply constructs a maximal matching in the graph in a greedy manner, and then

outputs all the vertices that are incident to an edge in the matching. The resulting cover

has cardinality at most 2 · Opt, i. e., it is at most twice as large as the minimum vertex cover

(Claim 8.1).15

We now construct a PAC verification protocol that is competitive with this algorithm. We use

the following loss function for a vertex cover (:

!D� (() = max

{
|( |
=
, 1

(
|{4 ∈ � : 4 ∩ ( = ∅}|

|� | ≤ 1

100

)}
.

Namely, the loss is proportional to the size of the set ( as long as it is close to a valid vertex

cover (i. e., the fraction of edges not covered is at most 1%), and otherwise the loss is 1.

Consider the number of i.i.d. samples fromD� that an agent needs in order to construct a set (

that is 1/100-close to a vertex cover and has cardinality at most 2 · Opt. There is an easy lower

bound of Ω(=) samples for this task. To see this, consider a graph that is a disjoint union of C

15Obtaining an approximation factor better than 2 is NP-hard, unless the Unique Games Conjecture is false [22].
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“tetrads” (sets of 4 vertices), such that each tetrad contains precisely one edge chosen uniformly

at random (so the agent doesn’t know in advance which of the 6 possible edges will be present

in each tetrad). Here, Opt = C = =/4. Let < be the number of samples the agent saw, let ( be the

set of vertices selected by the agent, and let @ be the number of tetrads in which ( contains at

least 3 vertices. Seeing as 3 · @ ≤ |( | ≤ 2 · Opt = 2C, we have @ ≤ 2

3
C. For every tetrad ) ⊆ + such

that none of the < samples belongs to ) and |( ∩ ) | < 3, with probability at least 1/6 the edge

in ) is not covered by (. So the total expected number of uncovered edges is at least

C − @ − <
6

≥ C/3 − <
6

.

If with probability 99%, ( is 1/100-close to a vertex cover, then the expected number of edges

not covered by ( is at most 2C/100. So 2C/100 ≥ (C/3 − <)/6, which implies < ≥ Ω(C) = Ω(=).
Hence, constructing a 2-approximation of the minimum vertex cover without the help of a

prover requires Ω(=) samples.

However, if we assume that � has maximum degree bounded by a constant (as in the lower

bound), thenD� is a uniform distribution with support size $(=). Hence, given advice from an

untrusted prover, the agent can solve this task with quadratically fewer samples by using the

verification procedure of Example 3.2.

Concretely, the prover sends a (purported) description �̃ = (+, �̃) of the graph, and then uses

the verification procedure of Example 3.2 to prove that TV
(
D� ,D�̃

)
≤ $(�), with the verifier

using <+ = $
(√
= log(1/�)�−2

)
i.i.d. samples. If the verifier did not reject, then

ℙ
[
|�Δ�̃ |/= ≤ $(�)

]
≥ 1 − �. (3.1)

In that case, the verifier constructs a set (̃ by running GreedyVertexCover (Algorithm 1) on �̃.16

Let ( be the benchmark, namely, ( is the output obtained by running GreedyVertexCover on �.

The output (̃ of the verifier satisfies the following two properties:

• (̃ is nearly a vertex cover. (̃ is a vertex cover for �̃, so by Eq. (3.1), (̃ covers all but at most an

$(�)-fraction of �.

• (̃ is competitive. By Claim 8.3 and Eq. (3.1), |(̃ | ≤ |( | + $(�=).

Thus, with probability at least 1 − �, the output (̃ of the verifier satisfies

!D�

(
(̃
)
≤ !D� (() + $(�).

To see that Ω
(√
=
)
samples are necessary for verification with the help of a prover, consider a

family of graphs consisting of a disjoint union of tetrads as above, but where only a quarter

16For simplicity, we present the verification protocol as if the verifier executes the 2-approximation algorithm itself.

As presented, the protocol delegates the sample complexity (the burden of collecting data) to the prover, but does

not delegate the computational complexity. This is purely for simplicity of presentation. In general, the bulk of the

computational cost of executing the verifier can always be delegated to the prover using standard techniques for

delegation of computation (e. g., [14]).
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of the tetrads contain an edge. Distinguishing between this family and the previous family

requires observing a collision (receiving a sample that contains the same edge twice), which

requires Ω
(√
=
)
samples by the ‘birthday paradox’. �

The main takeaway of Example 3.3 is that the verification protocol is competitive with the

specific performance of the algorithm. Indeed, in the worst case GreedyVertexCover provides a

2-approximation, and the verification protocol is guaranteed to be competitive with that. But

the key point is that in some cases, GreedyVertexCover yields a cover that is much better than a

2-approximation—and in those cases the verification protocol is guaranteed to be competitive

with that!17 This is a clear example of the difference in benchmark between Definition 1.7

(where verification is competitive with the best hypothesis in a class) and Definition 2.4 (where

verification is competitive with the specific performance of the benchmark algorithm).

So far, all our examples involved a quadratic gap between learning and verifying. However,

larger gaps are possible if we make strong assumptions on the unknown distribution. One

example of this, pointed out by Goldwasser et al. [15], is that the gap between learning and

verifying for realizable PAC learning is unbounded. Unbounded gaps can exist also for other

tasks as well, as in the following example.

Example 3.4 (Unbounded gap in a graph task). Let =, � = (+, �), andD� be as in Example 3.3,

and consider the minimum vertex cover task from that example, with the additional assumption

that the minimum vertex cover is of a known size : ∈ ℕ. Recall that there is an easy lower

bound of Ω(=) on the number of random samples for finding a vertex cover of size : (or even

2:) without the help of an untrusted prover.

In contrast, given advice from an untrusted prover, <+ = $
(
log(1/�)/�

)
samples are sufficient to

obtain a set (̃ ⊆ + of size : that covers all but at most an �-fraction of the edges in �. The protocol

is simple. The prover proposes a set (̃ ⊆ + . If |(̃ | ≠ : then the verifier rejects. Otherwise, the

verifier takes <+ samples from D�, and accepts if and only if all the edges in the sample are

covered by (̃. For completeness, if (̃ is a vertex cover of size : then the verifier always accepts.

For soundness, if the fraction of uncovered edges is greater than �, thenD� has weight at least

� on edges that are not covered by (̃, and so taking <+ samples is sufficient to ensure that the

verifier rejects with probability at least 1 − �. �

For the minimum vertex cover task, we have seen that the sample complexity gap for verifying

an algorithm can be quadratic (Example 3.3), but that the gap can be unbounded in other cases

that make stronger assumptions (Example 3.4). We view this as a testament to the richness of

this setting. We feel that these examples only scratch the surface, seeing as one can apply this

17For example, if � is a path of length 3 consisting of edges (8 , 9), (9 , :), (:, ℓ ) such that (9 , :) is the first edge in

lexicographic order, then GreedyVertexCover yields a vertex cover of size 2, which is optimal. Similarly, if � consists

of two copies of the star graph  
1,=/2−1

with an edge between the centers, and that edge is first in lexicographic

order, then GreedyVertexCover yields a vertex cover of size 2, which is both optimal and, moreover, is of constant

size compared to the size = of the graph.
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type of thinking to the vast array of standard tasks and heuristic algorithms in graphs (e. g.,

computing matchings, colorings, cuts, flows, Hamiltonian cycles, traveling salesman paths, and

many more).

3.3 PAC verification for adaptive data analysis

The following example relates to the setting of adaptive data analysis, studied in Hardt and Ullman

[16] and Dwork et al. [13]. Intuitively, this is a setting involving two parties: an analyst and a

statistical query (SQ) oracle (as in Definition 6.1). There is some unknown arbitrary distribution

D ∈ Δ(X) over a domain X. The process of adaptive data analysis proceeds in ) ∈ ℕ steps, as

follows. For each step 8 ∈ [)]:
1. The analyst selects an arbitrary statistical query, which is a function @8 : X → {0, 1}.
2. The oracle provides an evaluation E8 ∈ [0, 1].

Importantly, in each step 8, the analyst’s query may depend on the previous queries and

evaluations @1 , E1 , . . . , @8−1 , E8−1.

In this section, we think of the SQ oracle as an efficient algorithm. Specifically, we are interested

in designing an efficient oracle that uses i.i.d. samples fromD, and answers queries with the

following guarantee.

Definition 3.5 (SQ Oracle High-Probability Accuracy). Let X be a set, and let �, � ∈ [0, 1] and
) ∈ ℕ. An SQ oracle O is (�, ), �)-accurate for X if for every distribution D ∈ Δ(X) and for

every sequence of queries @1 , . . . , @) : X → {0, 1},

ℙE1←O(@1),...,E)←O(@) )
[
∃8 ∈ [)] :

���E8 − E-∼D[@8(-)]��� > �
]
≤ �.

Dwork et al. [13] constructed an efficient SQ oracle using techniques from differential privacy.

Theorem 3.6 (Theorem 2 in Dwork et al. [13]; Corollary 16 in Dwork et al. [12]). In the notation of
Definition 3.5, there exists an efficient (�, ), �)-accurate SQ oracle that uses

< = $

(√
) log

1.5()/�)
�2.5

)
i.i.d. samples fromD.

Steinke and Ullman [33] showed a roughly matching lower bound, stating that when the domain

X is large, an order of

√
) i.i.d. samples are necessary, even if the oracle is not efficient, as follows.

Theorem 3.7 (Theorem 35 in Steinke and Ullman [33]). There exists a constant �0 ≥ 0 and a
function 5 (<) = $

(
<2

)
as follows. In the notation of Definition 3.5, if |X| ≥ 2

5 (<) then there exists
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no (efficient or computationally unbounded) algorithm that uses < i.i.d. samples from D and is a
(�0 , 5 (<), 1/2)-accurate SQ oracle for X.18

Hence, implementing an accurate SQ oracle can be expensive, and one might want to delegate

that task to an untrusted party. In such a case, it becomes natural to ask whether an analyst

might have a way to cheaply verify that the evaluations provided by the oracle are accurate.

Hoeffding’s inequality (Theorem 8.5) implies that indeed, after the ) steps of adaptive data

analysis have been completed, the analyst can take $
(
log())/�2

)
i.i.d. samples from D and

verify that with probability 2/3, all the evaluations it received from the oracle were �-accurate.
Intuitively, verification is exponentially cheaper than implementing the SQ oracle, because the

SQ oracle must deal with adaptive queries, while the verification process is executed at the end,

at which point the sequence of queries has been fixed.

While Hoeffding’s inequality gives an exponential gap between implementing and verifying an

SQ oracle (in terms of the dependence on the number of SQ queries), Theorem 6.12 implies that

in some cases, verification can be cheaper than a naïve application of Hoeffding’s inequality, as

in the following example.

Example 3.8. Fix 3, ) ∈ ℕ. Consider a setting of adaptive data analysis where at each time step

C ∈ [)]:

1. The analyst selects a batch of 2
3
statistical queries qC =

(
@1

C , . . . , @
2
3

C

)
with VC(qC) = 3; and

then

2. The oracle responds with a corresponding batch of 2
3
evaluations vC =

(
E1

C , . . . , E
2
3

C

)
∈

[0, 1]23 .
The analyst’s choice of qC at each time step C may depend arbitrarily on the sequence q1 , v1 , . . . ,

qC−1 , vC−1.

ByHoeffding’s inequality, at the end of the interaction the analyst can verify that, with probability

2/3, all the evaluations provided by the oracle were correct up to precision �, using

<Hoeffding = $

(
3 + log())

�2

)
i.i.d. samples. In contrast, Corollary 6.15 implies that verification is also possible using

<+ = $

(√
3 · log())

�2

)
18Technically, [33, Theorem 35] is stated for statistical queries that are functions @ : {0, 1}3 → [−1, 1], whereas

here we use statistical queries X → {0, 1} for a general domain X. However, to the best of our understanding, this

technical difference is not mathematically consequential. Their result is stated for �
0
= 0.99, so one might expect this

to translate into a constant of �
0
≈ 0.49 in our setting.
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i.i.d. samples. For 3 ≥ log

()), 
 > 2, we have <+ = >(<Hoeffding). In particular, for 3 =

√
), we

have

<+ = $̃

(
)1/4

�2

)
vs. <Hoeffding = $

(
)1/2

�2

)
.

So in this parameter regime, the sample complexity <+ of Corollary 6.15 represents a quadratic

improvement compared to Hoeffding’s inequality and to the SQ oracle of Theorem 3.6.19 �

4 A lower bound for PAC verification of VC classes

Theorem 2.1 is proved via a reduction from the following distribution testing lower bound.

Theorem 4.1 (Reformulation of Theorem 4 in Paninski [27]). Let 3, C ∈ ℕ and let � ∈ (0, 1). For
every � ∈ Σ = {±1}3, letD�,� ∈ Δ([23]) be a distribution such that for all 8 ∈ [3],

D�,�(28 − 1) = 1 + �8 · �
23

, and D�,�(28) =
1 − �8 · �

23
.

LetDΣ,�,C be the distribution over [23]C generated by selecting a vector � ∈ Σ uniformly at random, and
then taking C i.i.d. samples fromD�,�. LetD*,C = U([23])C be the distribution over [23]C generated by
selecting C i.i.d. uniform samples from [23]. Then TV(D*,C ,DΣ,�,C) ≤ 5Paninski(C , �, 3) for

5Paninski(C , �, 3) =
1

2

·
(
exp

(
C2�4

3

)
− 1

)
1/2
.

The proof also uses the following well-known fact about maximal couplings (see, e. g., [29,

Lemma 4.1.13]).

Theorem 4.2. Let Ω be a set, and let ?- , ?. ∈ Δ(Ω) be distributions. Then

TV(?- , ?.) = inf

{
ℙ[- ≠ .] : (-,.) is a joint distribution with marginals - ∼ ?- and . ∼ ?.

}
.

4.1 Proof of Theorem 2.1

Proof of Theorem 2.1. Let - = {G1 , . . . , G3} ⊆ X be a set of size 3 that is shattered byℋ (such a

set exists because VC(ℋ) = 3). LetD* = U(- × {0, 1}).
For every ℎ ∈ ℋ- = {0, 1}- , letDℎ,8� ∈ Δ(- × {0, 1}) be a distribution such that

∀ (G, H) ∈ - × {0, 1} : Dℎ,8�
(
(G, H)

)
=

{
(1 + 8�)/23 ℎ(G) = H
(1 − 8�)/23 ℎ(G) ≠ H .

19The sample complexity <+ also compares favorably in this parameter regime to the SQ oracle of Theorem 3

in [13].
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Consider a (possibly randomized) testing algorithm) that takes C i.i.d. samples from anunknown

distributionD and decides correctly with probability at least 1− � whetherD = D* or whether

D ∈ {Dℎ,8� : ℎ ∈ ℋ-} (ifD is not one of these |ℋ- | + 1 options then we make no assumptions

regarding the behavior of )).

LetD*,C = (D* )C and letDℋ- ,8�,C be the distribution generated by selecting ℎ ∈ ℋ- uniformly

at random and then taking C i.i.d. samples from Dℎ,8�. By Theorem 4.1, TV
(
D*,C ,Dℋ- ,8�,C

)
≤

5Paninski(C , 8�, 3). By Theorem 4.2, for every 
 > 0 there exists a joint distribution ((* , (ℋ ) such
that (* ∼ D*,C , (ℋ ∼ Dℋ- ,8�,C , and ℙ[(* ≠ (ℋ ] ≤ 5Paninski(C , 8�, 3) + 
.
For every such 
 and ((* , (ℋ ), no tester can distinguish with probability strictly greater than

1/2 between (* and (ℋ in the event where (* = (ℋ . Hence,

� ≥ 1/2 · ℙ[(* = (ℋ ] = 1/2 · (1 − ℙ[(* ≠ (ℋ ]) ≥ 1/2 · (1 − 5Paninski(C , 8�, 3) − 
).20

Taking 
→ 0 and rearranging yields

C ≥
√
3 · ln(1 + (4� − 2)2)

64�2

. (4.1)

This establishes a lower bound on the sample complexity for the D* vs. {Dℎ,8� : ℎ ∈ ℋ-}
distribution testing problem.

Next, we show a reduction from the distribution testing problem to PAC verification ofℋ . Let

(+, %) be a (proper or improper) interactive proof system that PACverifiesℋ such that the verifier

+ and honest prover % use <+ and <% i.i.d. samples from the unknown distribution respectively,

and satisfy Definition 1.7 with parameters � and �, as in the statement of Theorem 2.1. Using

(+, %), we construct a tester ) for theD* vs. {Dℎ,8� : ℎ ∈ ℋ-} testing problem. Given sample

access to an unknown distributionD for the testing problem, ) operates as follows:

1. Compute ℎ+ = [+(D), %(D* )]. Namely, simulate an execution of the PAC verification

protocol as follows. Take a sample (+ ∼ D<+
of <+ i.i.d. samples from D, and take a

sample (% ∼ (D* )<% of <% i.i.d. samples from D* (seeing as the specification of D* is

completely known to ), ) can generate as many samples from D* as necessary using

uniform random coins). Execute the PAC verification protocol such that + receives

input (+ , % receives input (% , and the output of the verifier at the end of the protocol is

ℎ+ ∈ {0, 1}X ∪ {reject}.
2. Take a sample (test ∼ Dℓ

of ℓ =
⌈
ln(24)/2�2

⌉
< 3/�2

i.i.d. samples fromD.

3. If (ℎ+ = reject) ∨ (ℎ+ ≠ reject ∧ !0-1

(test
(ℎ+) ≤ 1/2− 2�) then output “D ∈ {Dℎ,8� : ℎ ∈ ℋ-}”.

Otherwise, output “D = D*”.

We argue that the tester ) defined in this manner solves the testing problem correctly with

probability at least
7/12. If D = D* , then !

0-1

D (ℎ) = 1/2 for every ℎ ∈ {0, 1}X . In particular, if

20More formally, this follows from Claim 8.6.
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ℎ+ ≠ reject then !0-1

(test
(ℎ+) ≥ 1/2 − � with probability at least

11/12 (by Hoeffding’s inequality and

the choice of ℓ ). Thus, ifD = D* then ) outputs “D = D*” with probability at least
11/12.

Conversely, if D = Dℎ′,8� for some ℎ′ ∈ ℋ- , then !0-1

D (ℎ) = 1/2 − 4� for ℎ ∈ ℋ such that

ℎ |- = ℎ′. From the correctness of the PAC verification protocol, with probability at least

2/3, either ℎ+ = reject, or !0-1

D (ℎ+) ≤ 1/2 − 3�, and in that case with probability at least
11/12,

!0-1

(test
(ℎ) ≤ 1/2 − 2� (again by Hoeffding’s inequality and choice of ℓ ). A union bound implies

that ifD = Dℎ′,8� for some ℎ′ ∈ ℋ- then ) outputs “D ∈ {Dℎ,8� : ℎ ∈ ℋ-}” with probability

at least 1 − 1/3 − 1/12 = 7/12.

We conclude that) correctly solves theD* vs. {Dℎ,8� : ℎ ∈ ℋ-} testing problemwith probability

at least
7/12 using C = <+ + ℓ i.i.d. samples from the unknown distributionD. Plugging � = 5/12

in Eq. (4.1), this implies that <+ ≥ (0.005 ·
√
3 − 3)/�2

, as desired. �

Remark 4.3. A previous version of this paper [24] presented a proof of an Ω

(√
3
)
lower bound,

without the dependence on �. That proof uses a reduction to a simpler distribution testing lower

bound based on the ‘birthday paradox’ (instead of the Paninski bound), and it may be better

suited for pedagogical expositions. �

5 Verification of unions of intervals

Theorem 5.1 (Canonne et al. [8], Theorem 121). Let �, � ∈ (0, 1), let = ∈ ℕ, and let P , P̃ ∈ Δ([=])
be distributions. There exists a tolerant distribution identity tester that, given a complete description of P̃
and < = $

(√
= log(1/�)�−2

)
i.i.d. samples from P, satisfies the following:

• Completeness. If TV
(
P , P̃

)
≤ �/
√
= then the tester accepts with probability at least 1 − �.

• Soundness. If TV
(
P , P̃

)
> � then the tester rejects with probability at least 1 − �.

Furthermore, the tester runs in time poly
(
=, log(1/�), 1/�

)
.

Definition 5.2. Let � ∈ [0, 1], let X be a set and let ℱ ⊆ {0, 1}X be a set of functions. Let

D ∈ Δ(X), and let ( ∈ X< for some < ∈ ℕ. We say that ( is an �-sample for D with respect

to ℱ if

∀ 5 ∈ ℱ :

���� |{G ∈ ( : 5 (G) = 1}|
<

− ℙG∼D[ 5 (G) = 1]
���� ≤ �.

Theorem 5.3 (Vapnik and Chervonenkis [36]22; Talagrand [34]23). Let 3 ∈ ℕ and �, � ∈ (0, 1). Let

21See also the discussion following [7, Theorem 5.4].

22Cf. [1, Theorem 13.4.4].

23Cf. [3, Theorem 4.9].
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X be a set and let ℱ ⊆ {0, 1}X be a set of functions with VC(ℱ ) = 3. LetD ∈ Δ(X), and let ( ∼ D< ,
where

< = Ω

(
3 + log(1/�)

�2

)
.

Then with probability at least 1 − �, ( is an �-sample forD with respect to ℱ .

5.1 Proof of Theorem 2.3

Proof of Theorem 2.3. We show that Protocol 1 satisfies the requirements of the theorem. From

the construction of Protocol 1, it is clear that the verifier is proper. For completeness, note

that if the prover follows the protocol then %̃9 ,0 + %̃9 ,1 = 1/: for all 9, so the verifier will

never reject at the first ‘if’ statement. Let ℬ = {� 9 × {H} : 9 ∈ [:] ∧ H ∈ {0, 1}}, and let

ℱ = {1� : � ∈ �(ℬ)} ⊆ {0, 1}[0,1]×{0,1}. In words, ℱ is the set of indicator functions for events

in the �-algebra generated by ℬ. VC(ℱ ) = 2: = $(3/�), so Theorem 5.3 and the choice of

<% imply that with probability at least 1 − �/2, (% is an �/(6
√

2:)-sample for D with respect

to ℱ . By the definitions of total variation distance and of an �-sample, this implies that

ℙ
[
TV

(
P , P̃

)
≤ �/(6

√
2:)

]
≥ 1 − �/2. From the completeness of the tester of Theorem 5.1 and a

union bound we conclude that with probability at least 1 − �, the verifier does not reject. This
establishes completeness.

For soundness, consider two cases.

• The prover is too dishonest, such that TV
(
P , P̃

)
> �/6. Then by the soundness of the

tester of Theorem 5.1, the verifier rejects with probability at least 1 − �/2.

• The prover is sufficiently honest, such that TV
(
P , P̃

)
≤ �/6. Then for every ℎ′ ∈ ℋ3,���!0-1

D (ℎ
′) − !0-1

P̃ (ℎ
′)
��� ≤ ��!0-1

D (ℎ
′) − !0-1

P (ℎ
′)
�� + ���!0-1

P (ℎ
′) − !0-1

P̃ (ℎ
′)
���

≤
��!0-1

D (ℎ
′) − !0-1

P (ℎ
′)
�� + �/6, (5.1)

where the last inequality follows from TV
(
P , P̃

)
≤ �/6.

Fix ℎ′ ∈ ℋ3. We argue that

��!0-1

D (ℎ
′) − !0-1

P (ℎ
′)
�� ≤ �/3. Let & = {G ∈ [0, 1] : ℎ′(G) ≠ ℎ′(G∗)},

where for each G ∈ [0, 1], we define G∗ = G∗
9
such that G ∈ � 9 . Namely, & is the set of points

for which applying the discretization procedure alters the output of ℎ′. Then

��!0-1

D (ℎ
′) − !0-1

P (ℎ
′)
�� = ��ℙ(G,H)∼D[ℎ′(G) ≠ H] − ℙ(G,H)∼D[ℎ′(G∗) ≠ H]��
=

���ℙ(G,H)∼D[ℎ′(G) ≠ H ∧ G ∈ &]

− ℙ(G,H)∼D[ℎ′(G∗) ≠ H ∧ G ∈ &]
��� (5.2)
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≤ D(&′) (&′ = & × {0, 1})
≤

∑
9∈[:]: �9∩&≠∅

D(�′9) (�′9 = � 9 × {0, 1})

=
∑

9∈[:]: �9∩&≠∅
P(�′9) (D(�′9) = P(�

′
9))

= P
(⋃ {

�′9 : � 9 ∩& ≠ ∅
})

≤ P̃
(⋃ {

�′9 : � 9 ∩& ≠ ∅
})
+ TV

(
P , P̃

)
≤ 23/: + TV

(
P , P̃

)
(5.3)

≤ 23/: + �/6 = �/3, (5.4)

where Eq. (5.2) holds since the loss of ℎ′ can differ between D and P only for points in

&; Eq. (5.3) holds because ℎ′ consists of 3 intervals, which together have 23 endpoints,

� 9 ∩& ≠ ∅ only if � 9 contains one of these endpoints, and if the verifier did not reject then

P̃(�′
9
) = 1/: for all 9; finally Eq. (5.4) holds by the assumption (in the current case) that the

prover is sufficiently honest.

CombiningEq. (5.4)with Eq. (5.1) yields∀ℎ′ ∈ ℋ3 :

���!0-1

D (ℎ
′) − !0-1

P̃
(ℎ′)

��� ≤ �/2. This implies

that a hypothesis ℎ that has minimum loss with respect to P̃ satisfies !0-1

D (ℎ) ≤ !
0-1

D (ℋ)+ �.
We conclude that regardless of the prover’s behavior, with probability at least 1− �/2 the verifier

either rejects or outputs a hypothesis with excess loss at most �. This establishes correctness.

We now consider the running time. Clearly, the prover runs in time polynomial in <%. For

the verifier, given that the tester of Theorem 5.1 is efficient, it remains to consider the runtime

of the final step, computing a hypothesis ℎ ∈ argminℎ′∈ℋ3
!0-1

P̃
(ℎ′). This can be done in time

poly(:) = poly(3, 1/�) using dynamic programming ([21, Theorem 4]24). �

Remark 5.4. The dependence of the tolerance parameter in Theorem 5.1 on the domain size is

quadratic, namely the verifier accepts if TV
(
P , P̃

)
≤ �/
√
=. Notice that this affects the sample

complexity of the honest prover but not of the verifier. For instance, if the tolerance was �/4=
instead of �/

√
=, the verifier’s sample complexity would remain unchanged. �

24[21, Theorem 4] says more than what is needed in our case. It states that if for function classes T and

ℋ there is a polynomial time algorithm such that for any sample (, the algorithm finds ℎ ∈ ℋ such that

!0-1

(
(ℎ) ≤ minC∈T !0-1

(
(C), then there is a polynomial time algorithm that for any sample ( finds ℎ ∈ PWB (ℋ)

such that !0-1

(
(ℎ) ≤ minC∈PWB (T ) !

0-1

(
(C). Here, PWB (ℱ ) denotes the set of B-piecewise functions, namely functions

, : ℝ→ ℝ for which there exists 5
1
, . . . , 5B ∈ ℱ and intervals �

1
, . . . , �B ⊆ ℝ that form a partition of ℝ, such that

∀9 ∈ [B] ∀G ∈ �9 : ,(G) = 59(G). For our purposes, we only need the simple case whereℋ = T = {ℎ
0
, ℎ

1
}, with ℎ1

denoting the constant function ℎ1(G) ≡ 1.
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5.2 Protocol for unions of intervals

Assumptions:
• 3, 1/� ∈ ℕ (this can always be achieved by making � smaller if necessary),

: = 123/�.
• <% = $

(
32�−4 + 3 log(1/�)�−3

)
is a multiple of :.

• <+ = $
(√
3 log(1/�)�−2.5

)
.

• (+ = ((G+
1
, H+

1
), . . . , (G+<+ , H+<+ )) ∼ D<+

, (% = ((G%
1
, H%

1
), . . . , (G%<% , H%<% )) ∼ D<%

.

• D ∈ Δ([0, 1] × {0, 1}) is an unknown target distribution.

• ℋ3 is the class of unions of 3 intervals, as in Theorem 2.3.

Prover((% , �, �):
�1 , �2 , . . . , �: ← a partition of [0, 1] into disjoint intervals such that ∪9∈[:]� 9 = [0, 1]

and ∀9 ∈ [:] : |{G%
1
, . . . , G%<% } ∩ � 9 | = <%/:.

for 9 ∈ [:]:
for 1 ∈ {0, 1}:

%̃9 ,1 ← |{(G, H) ∈ (% : G ∈ � 9 ∧ H = 1}|/<% ⊲ Counted as a multiset

send (�1 , . . . , �:) and
(
%̃9 ,H

)
9∈[:],H∈{0,1} to the verifier

Verifier((+ , �, �):
receive (�1 , . . . , �:) and

(
%̃9 ,H

)
9∈[:],H∈{0,1} from the prover

if ∃9 ∈ [:] s.t. %̃9 ,0 + %̃9 ,1 ≠ 1/::
output reject and terminate

G∗
1
, . . . , G∗

:
← arbitrary points such that ∀9 ∈ [:] : G∗

9
∈ � 9

execute the tester of Theorem 5.1 and parameters
�/6, �/2 where the samples and

distributions P , P̃ ∈ Δ([0, 1] × {0, 1}) are as follows:

- P is the distribution generated by sampling (G, H) ∼ D and then outputting

(G∗ , H)where G∗ = G∗
9
such that G ∈ � 9

- P̃ is the distribution such that ℙ
[
(G∗
9
, H)

]
= %̃9 ,H for all 9 ∈ [:], H ∈ {0, 1}

- The tester uses samples (∗
+
=

(
(G∗
91
, H+

1
), . . . , (G∗

9<+
, H+<+ )

)
where for each 8 ∈ [<+],

98 is such that G+
8
∈ � 98

if distribution identity tester rejects:

output reject and terminate

ℎ ← argminℎ′∈ℋ3
!0-1

P̃
(ℎ′)

output ℎ

Protocol 1: Verification protocol for unions of 3-intervals.
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Remark 5.5. Protocol 1 uses adiscretization schemewhere a compressed anddiscrete distribution

%̃ is constructed as a representation of the true population distributionD. The discretization

scheme presented in Protocol 1 assume that the marginal distribution ofD on the domain [0, 1]
has a PDF (and in particular, the prover’s samples G%

1
, . . . , G%<% are distinct). This assumption is

made purely to simplify presentation; a similar discretization can be generated efficiently for

any distributionD ∈ Δ([0, 1] × {0, 1}).
In particular, note that there can be at most $(3/�) point masses with probability mass more

than Ω(�/3). The discretization can include an explicit description of these points (without

compressing them), and give an approximate discretization (compressed description) of the

remaining probability mass. The resulting discretization has support size $(3/�), and it has the

required property that every union of 3 intervals that is optimal with respect to the discretization

is $(�)-close to optimal with respect toD. �

6 Verification of statistical query algorithms

6.1 Definitions

6.1.1 Statistical query algorithms

Definition 6.1 ([20]). Let Ω be a set, letD ∈ Δ(Ω) be a distribution, and let � ≥ 0. A statistical

query is an indicator function @ : Ω→ {0, 1}.25 An oracle O is a statistical query oracle forD
with precision �, denoted O ∈ SQ(D , �), if at each invocation, O takes a statistical query @ as

input and produces an arbitrary evaluation O(@) ∈ [0, 1] as output such that��O(@) − E-∼D[@(-)]�� ≤ �. (6.1)

In particular, the oracle’s evaluations may be adversarial and adaptive, as long as each of them

satisfies Eq. (6.1).

Remark 6.2. The notion of PAC verification of an algorithm (Definition 2.4) requires that the

verifier’s output be competitive with !D
(
�O

)
= E[!D(ℎ�)], the expected loss of the output

ℎ� of algorithm � when executed with access to oracle O. For this expectation to be defined,

throughout this paper we only consider oracles whose behavior can be described by a probability

measure. In particular, oracles may be adaptive and adversarial in a deterministic or randomized

manner, but they cannot be arbitrary. �

Definition 6.3. A statistical query algorithm is a (possibly randomized) algorithm � that takes

no inputs and has access to a statistical query oracle O. At each time step C = 1, 2, 3, . . . :

• � chooses a finite batch qC =
(
@1

C , . . . , @
=C
C

)
of statistical queries and sends it to the oracle O.

25Statistical queries are often defined as functions @ : X × {0, 1} → [−1, 1] for some domain X, which is a special

case Ω = X × {0, 1} of our definition.
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• O sends a batch of evaluations vC =
(
E1

C , . . . , E
=C
C

)
∈ [0, 1]=C to �, such that E 8C = O(@ 8C) for

all 8 ∈ [=C].
• � either produces an output and terminates, or continues to time step C + 1.

The resulting sequence r = (q1 , v1 , q2 , v2 , . . . ) is called a transcript of the execution.

Note that for each C, the choice of qC is a deterministic function of (r<C , �), where

r<C = (q1 , v1 , q2 , v2 , . . . , qC−1 , vC−1),

and � denotes the randomness of �. If � terminates, its final output is a deterministic function

of (r, �).

6.1.2 The partition size

Definition 6.4. Let Ω be a set, and let S ⊆ 2
Ω
be a collection of subsets. We say that S is a

�-algebra for Ω if it satisfies the following properties:

• Ω ∈ S.
• ∀( ∈ S : (Ω \ () ∈ S.
• For every countable sequence (1 , (2 , . . . ∈ S :

(
∪∞
8=1
(8

)
∈ S.

Definition 6.5. Let Ω be a set.

• LetA ⊆ 2
Ω
be a collection of subsets. The �-algebra generated byA forΩ, denoted �(A),

is the intersection of all �-algebras for Ω that are supersets ofA.

• Let ℱ ⊆ {0, 1}Ω be a set of indicator functions. The �-algebra generated by ℱ for Ω is

�(ℱ ) = � ({� ⊆ Ω : 1� ∈ ℱ }).

Definition 6.6. Let S be a �-algebra. The set of atoms of S is

Atoms(S) = {( ∈ S : (∀(′ ∈ S \ ∅ : (′ ⊄ ()} .26

Definition 6.7. Let Ω be a set and let ℱ = { 51 , 52 , . . . , 5:} ⊆ {0, 1}Ω be a finite set of indicator

functions. The partition size of ℱ is PS(ℱ ) = |Atoms(�(ℱ ))| ∈ ℕ, i. e., the number of atoms in

the �-algebra generated by ℱ for Ω.

Remark 6.8 (Connection between VC dimension and partition size). Let Ω be a finite set. For

any collection ℱ ⊆ {0, 1}Ω, we have VC(ℱ ) ≤ PS(ℱ ). Furthermore, VC(ℱ ) = PS(ℱ ) if and only

if ℱ is a �-algebra.

26(′ ⊄ ( denotes that (′ is not a strict subset of (.
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Indeed, if G1 , G2 ∈ Ω belong to the same atom of �(ℱ ), then 5 (G1) = 5 (G2) for every 5 ∈ ℱ . So a

shattered set can contain at most one element from each atom of �(ℱ ), namely, VC(ℱ ) ≤ PS(ℱ ).
Assume ℱ is a �-algebra. Let �1 , . . . , �: , : = PS(ℱ ), be the atoms of ℱ , and let G1 , . . . , G: be

points such that G8 ∈ �8 for all 8 ∈ [:]. Then ℱ shatters G1 , . . . , G: . So VC(ℱ ) ≥ PS(ℱ ).
Finally, if VC(ℱ ) ≥ PS(ℱ ) then there exists a shattered set {G1 , . . . , G:} with : = PS(ℱ ). As

above, each G8 belongs to a distinct atom. So without loss of generality, let �1 , . . . , �: be the

atoms of �(ℱ ) such that G8 ∈ �8 for all 8 ∈ [:]. Let ( ∈ �(ℱ ). Then ( = ∪8∈��8 for some

� ⊆ [:]. By choice of {G1 , . . . , G:}, there exists 5 ∈ ℱ such that 5 (G8) = 1(8 ∈ �). Seeing as

functions in ℱ are constant on atoms, 5 (G) = 1∪8∈��8 = 1(. So 1( ∈ ℱ . Hence {1(}(∈�(ℱ ) ⊆ ℱ ,

so ℱ = {1(}(∈�(ℱ ) is a �-algebra. �

6.2 Efficiently manipulable statistical queries

Definition 6.9. Let Ω be a set and let ℱ be a collection of functions Ω→ ℝ. We say that ℱ is

efficiently evaluable if there exists an algorithm that, given 5 ∈ ℱ and I ∈ Ω, outputs @(I) in
constant time. 27

Definition 6.10. Let Ω be a set and let Q be a collection of functions Ω→ {0, 1}. We say that Q
is efficiently manipulable if the following two conditions hold:

• Efficient evaluation. Q satisfies the property in Definition 6.9.

• Efficient atomization. There exists an algorithm ComputeAtoms that, for any = ∈ ℕ, takes as

input a sequence @1 , . . . , @= ∈ Q, and outputs a sequence 01 , . . . , 0C : Ω→ {0, 1} such that

Atoms(�(@1 , . . . , @=)) = (01 , . . . , 0C). Furthermore, the algorithm runs in time poly(=).

Claim 6.11. Let Ω be a set and let Q be a collection of functions Ω→ {0, 1}. Suppose that there exists
an algorithm IsEmpty that, for any < ∈ ℕ, takes as input a sequence 51 , . . . , 5< , where for each 8 ∈ [<],
58 ∈ Q or (1 − 58) ∈ Q. IsEmpty runs in time poly(<) and outputs

IsEmpty( 51 , . . . , 5<) = 1
(
∩<8=1
{I ∈ Ω : 58(I) = 1} = ∅

)
.

Then Q satisfies the efficient atomization property in Definition 6.10. Specifically, there exists an
algorithm ComputeAtoms (Algorithm 2) that runs in time $(=B), where = is the number of statistical
queries and B is an upper bound on the number of atoms, and makes $(=B) invocations of IsEmpty.

6.3 Formal statements

Theorem 6.12 (PACVerification of an SQAlgorithm). Let 1, B ∈ ℕ, letΩ be a set, letQ be a collection
of functions Ω→ {0, 1} that are efficiently manipulable (Definition 6.10), and letℋ be a discrete set.

27More generally, one could consider a parameterized sequence of domains Ω
1
,Ω

2
, . . . , and require that the

evaluation @(I) for I ∈ Ω: run in time poly(:). Or similarly, that @(I) run in time poly(|I |), where |I | is the length of

the encoding of I. For simplicity, we consider a single fixed domain Ω.
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Let � be a statistical query algorithm (Definition 6.3) that adaptively and randomly generates some
random number ) of batches q1 , . . . ,q) ∈ Q of statistical queries such that with probability 1, ) ≤ 1
and PS(qC) ≤ B for each C ∈ [)], and the algorithm outputs a random value ℎ ∈ ℋ . Let D ⊆ Δ(Ω) be a
set of distributions, let � > 0, and let ! : Ω ×ℋ → [0, 1] be loss function that is efficiently evaluable
(Definition 6.9).

Then there exists a collection of oracles O = {OD}D∈D where OD ∈ SQ(D , �) for all D ∈ D, such
that algorithm � with access to oracles O is PAC verifiable with respect to D by a verification protocol
(Protocol 2) that uses random samples, where the verifier and honest prover respectively use

<+ = Θ

(√
B log(1:/�)

�2

+
log(:/�)

�2

)
,

and

<% = Θ

(
B3

log(1:/�)
�2

)
i.i.d. samples, with : =

⌈
8 log(4/�)/�

⌉
. Furthermore, the verifier and honest prover run in time

poly
(
B, C� , 1/�, 1/�, log(1/�)

)
, where C� is the running time of algorithm �.

Remark 6.13 (On the choice of SQ oracles in Theorem 6.12). In Definition 2.4, an algorithm is

said to be PAC verifiable with respect to a specific collection of oracles. Namely, for eachD ∈ D,

we fix an oracle OD , and PAC verification guarantees a loss that is �-close to the expected loss of

the algorithm when executed with that choice of oracle OD . However, the standard definition

of statistical query oracles (Definition 6.1) does not specify exactly how an SQ oracles OD must

behave; it requires that the oracle provide evaluations that are �-close to the correct expected

value of a query, but it does not specify exactly which value to provide. This means that PAC

verification of an algorithm that uses an SQ oracle (as in Definition 6.3) is not well-defined in

general—rather, it is necessarily to precisely define the functionality of the SQ oracle.

In particular, if the SQ oracle is not fully specified, then some strange corner cases are possible.

For instance, consider PAC verification for an SQ algorithm tasked with selecting a certain

output ℎ ∈ ℋ from a discrete set ℋ such that the “correct” output ℎ = ℎ∗D depends on the

unknown distribution D. One technically valid pair of an SQ oracle and an SQ algorithm

operate as follows. The SQ algorithm issues a single statistical query, for the constant function

@(G) ≡ 0. The correct expectation of @ is 0, yet the SQ oracle OD outputs some number E ∈ (0, �)
such that the lower order bits in the binary representation of E encode the correct output ℎ∗D .
The SQ algorithm simply decodes ℎ∗D from E and outputs ℎ∗D . Thus, if we allow arbitrary SQ

oracles then essentially any task can be solved using a trivial algorithm that uses a single SQ

query, even if the SQ oracle is valid according to Definition 6.1.

To avoid these types of issues, Theorem 6.12 states that there “exists a collection of oracles

O = {OD}D∈D where OD ∈ SQ(D , �)” for which the algorithm is PAC verifiable. Effectively,

this is a guarantee with respect to a worst-case oracle, stating that the verifier will obtain

an output with loss comparable to the expected loss of executing the algorithm with the

THEORY OF COMPUTING, Volume 22 (5), 2026, pp. 1–40 26

http://dx.doi.org/10.4086/toc


PAC VERIFICATION OF STATISTICAL ALGORITHMS

worst-possible choice of valid SQ oracles. This is captured by the notion of an �-maximizing

oracle (Definition 6.16).28 �

Remark 6.14. In Theorem 6.12 it is assumed that PS(qC) ≤ B, namely, that the �-algebra �(qC)
has at most B atoms. Not every �-algebra is atomic, but every �-algebra generated by a finite

collection of sets (including �(qC)) is atomic. �

As a corollary of Theorem 6.12, we obtain that for statistical query algorithms of a particular

type, the sample complexity of PAC verification has a quadratically lower dependence on the

VC dimension of the batches of statistical queries compared to simulating the algorithm using

random samples.

Corollary 6.15. Let � be a statistical query algorithm as in Theorem 6.12, and let 3 ∈ ℕ. Assume that
in each time step C ∈ [)], VC(qC) = 3 and |qC | = 2

3. Namely, qC is the set of indicator functions of a
�-algebra with 3 atoms. Consider an implementation of � that uses random samples to simulate the
SQ oracle accessed by �, such that the implementation uses random samples only and does not use any
oracles. Simulating an oracle O ∈ SQ(D , �) requires

< = Ω

(
3 + log(1/�)

�2

)
i.i.d. samples fromD. In contrast, there exists a protocol that PAC verifies � such that the verifier uses
only

<+ = Θ

(√
3 log(1:/�)

�2

+
log(:/�)

�2

)
i.i.d. samples fromD, with : =

⌈
8 log(4/�)/�

⌉
.

The lower bound in the corollary is the standard VC lower bound.

6.4 Proofs

Definition 6.16. Let � be a statistical query algorithm, let D be a collection of distributions, and

let �, � > 0. We say that a collection of oracles O = {OD}D∈D is �-maximizing with respect to �

and D if for eachD ∈ D, OD ∈ SQ(D , �) and E
[
!D

(
�OD

)]
≥ supO∈SQ(D ,�) E

[
!D

(
�O

)]
− �.

Proof of Theorem 6.12. Fix a collection of oracles O = {OD}D∈D that is �/4-maximizing with

respect to � and D. We show that algorithm � with access to the oracles O is PAC verified by

Protocol 2.

28There are of course other natural ways to define the set of oracles in PAC verification of SQ algorithms. For

instance, one could consider “benign” average-case oracles, where the distribution of the output is equal to the

distribution one would obtain if each query @ was answered with an evaluation E = (1/:)∑8∈[:] @(I8) where

(I
1
, . . . , I:) ∼ D:

is a fresh sample of size : fromD.
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To establish completeness, notice that each batch aC of queries sent to the prover by VerifierIter-

ation satisfies VC(aC) = 1, and there are at most 1 · : such batches. Hence, by Theorem 5.3 and a

union bound, taking <% as in the statement is sufficient to guarantee that with probability at

least 1 − �/4,
∀ iteration 8 ∈ [:] ∀C ∈ [)] : ‖p̃C − pC ‖∞ ≤

�

B
√
B
,

where pC is the vector of correct evaluations, with components ?
9

C = E/∼D
[
0
9

C (/)
]
. Hence, with

probability at least 1 − �/4,

∀ iteration 8 ∈ [:] ∀C ∈ [)] : ‖p̃C − pC ‖1 ≤ B · ‖p̃C − pC ‖∞ ≤
�√
B
, (6.2)

where we have used the fact that pC and p̃C are vectors of length at most B. By Eq. (6.2),

Theorem 5.1, and the choice of <+ , with probability at least 1 − �/4, none of the executions of
IdentityTest cause the verifier to reject.

By a union bound, with probability at least 1− �/2, Eq. (6.2) holds and the verifier does not reject.

Then, by Lemma 6.17,

∀8 ∈ [:] : ℙ
[
!D(ℎ8) ≤ !D

(
�OD

)
+ �

2

]
≥ �

8

. (6.3)

By the choice of :,

ℙ
[
∀8 ∈ [:] : !D(ℎ8) > !D

(
�OD

)
+ �

2

]
≤

(
1 − �

8

) :
≤ 4−�:/8 ≤ �

4

. (6.4)

By Hoeffding’s inequality, a union bound, and the choice of <+ ,

ℙ
[
∀8 ∈ [:] :

���!(′
+
(ℎ8) − !D(ℎ8)

��� ≤ �
2

]
≥ 1 − �

4

. (6.5)

Combining Eqs. (6.2), (6.4) and (6.5) via a union bound, we conclude that with probability at

least 1 − �, the verifier does not reject and it outputs ℎ ∈ ℋ such that !D(ℎ) ≤ !D
(
�OD

)
+ �.

This establishes completeness.

To establish soundness, consider an interaction between the verifier of Protocol 2 and any

deterministic or randomized (possibly malicious and computationally unbounded) prover %′,
and examine the following two events.

• Event I: the evaluations provided by %′ satisfy

∀ iteration 8 ∈ [:] ∀C ∈ [)] : ‖p̃C − pC ‖1 ≤ �. (6.6)

If the verifier does not reject then Lemma 6.17 implies that Eq. (6.3) holds. As we saw

in the proof for the completeness requirement, this implies that with probability at least

1 − �, the verifier outputs ℎ ∈ ℋ such that !D(ℎ) ≤ !D
(
�OD

)
+ �.
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• Event II: there exists an iteration 8 ∈ [:] containing a time step C∗ ∈ [)] such that

‖p̃C∗ − pC∗ ‖1 > �. By Theorem 5.1 and the choice of <+ , with probability at least 1 − �/4 the
verifier rejects in time step C∗.

We conclude that in both cases,

ℙ(+∼D<+

[
ℎ = reject ∨ !D(ℎ) ≤ !D

(
�OD

)
+ �

]
≥ 1 − �,

and this establishes soundness.

The runtime complexities follow from the assumptions that Q is efficiently manipulable and ! is

efficiently evaluable, as well as the runtime of the distribution identity tester in Theorem 5.1. �

Lemma 6.17. In the context of Theorem 6.12, fix a distributionD ∈ D and let OD ∈ SQ(D , �) be an
oracle such that

E
[
!D

(
�OD

)]
≥ sup

O∈SQ(D ,�)
E
[
!D

(
�O

)]
− �/4.

Consider an execution of VerifierIteration (Protocol 3). Let � denote the event in which the verifier
does not reject, and the query evaluations p̃C provided by the prover satisfy

∀C ∈ [)] : ‖p̃C − pC ‖1 ≤ �, (6.7)

where pC is the vector of correct evaluations ? 8C = E/∼D
[
0 8C(/)

]
. Then the output ℎ8 ∈ ℋ returned by

VerifierIteration satisfies

ℙ
[
!D(ℎ8) ≤ E

[
!D

(
�OD

)]
+ �

2

��� �]
≥ �

8

. (6.8)

Proof. Let O� denote the oracle with evaluations that are equal in distribution to the evaluations

provided by the prover conditioned on event � occurring. By the choice of OD ,

E[!D(ℎ8) | �] = E
[
!D

(
�O�

)]
≤ E

[
!D

(
�OD

)]
+ �/4.

By Markov’s inequality,

ℙ
[
!D(ℎ8) > E

[
!D

(
�OD

)]
+ �

2

�� �]
≤ ℙ

[
!D(ℎ8) > E[!D(ℎ8) | �] + �/4

�� �]
≤ E[!D(ℎ8) | �]

E[!D(ℎ8) | �] + �/4

≤ 1

1 + �/4 ,

since !D is at most 1. Hence, the complement satisfies

ℙ
[
!D(ℎ8) ≤ E

[
!D

(
�OD

)]
+ �

2

��� �]
≥ �/4

1 + �/4 ≥
�
8

,

as desired. �
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Assumptions:
• Ω is a set,D ∈ Δ(Ω) is the population distribution.

• � is a statistical query algorithm to be verified.

• � ∈ (0, 1) is the accuracy parameter for statistical queries used by �.

• 1 ∈ ℕ is an upper bound on the number of statistical query batches generated by

�.

• �, � ∈ (0, 1) are the desired accuracy and confidence parameters for the verification.

• : =
⌈
8 log(4/�)/�

⌉
.

• <+ = Θ
(√
B log(1:/�)�−2 + log(:/�)�−2

)
.

• <% = Θ
(
B3

log(1:/�)�−2

)
.

• (+ , (
′
+
∼ D<+

, (% ∼ D<%
are independent sets of i.i.d. samples.

• (+ = (I+
1
, . . . , I+<+ ), (′+ = (I

+′
1
, . . . , I+

′
<+
), (% = (I%

1
, . . . , I%<% ).

• ! : Ω ×ℋ → [0, 1] is a loss function that is efficiently evaluable.

Verifier((+ , (′+ ):
for 8 ∈ [:]:

ℎ8 ← VerifierIteration((+ ) ⊲ Protocol 3

8∗ ← argmin8∈[:] !(′+ (ℎ8)
output ℎ8∗

Prover((%):
loop forever:

@ ← receive query from verifier

E ← 1

<%

∑
8∈[<%] @

(
I%
8

)
send E to verifier

Protocol 2: A PAC verification protocol for statistical query algorithms.
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Assumptions: As in Protocol 2.

VerifierIteration((+ ):
for C ← 1, 2, . . . :

simulate � until it sends a batch of queries or produces an output

if � sends a batch of queries qC :
if C ≥ 1:

output reject and terminate
aC ← ComputeAtoms(qC , (+ ) ⊲ Algorithm 2 and Claim 6.11

send aC to prover

receive p̃C from prover

IdentityTest((+ , aC , p̃C , �)
ṽC ← Reconstruct(qC , aC , p̃C) ⊲ Protocol 4
send ṽC to �

else if � produces output ℎ:

return ℎ

IdentityTest((+ , aC , p̃C , �):
for 9 ∈ [<+]:

8 9 ← 8 ∈ [|aC |] such that 0 8C(I+9 ) = 1

execute the distribution identity tester of Theorem 5.1

with sample � = (81 , . . . , 8<+ ) to distinguish with

probability at least 1 − ��/41 between

TV(p̃C , pC) ≤
�

2

√
|aC |

, and � ≤ TV(p̃C , pC)

where pC is the distribution that generated �

if identity tester rejects:

output reject and terminate

Protocol 3: A subroutine of Protocol 2.
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Assumptions:
• Ω is a set; =, =′ ∈ ℕ.

• q =
(
@1 , . . . , @=

)
such that for each 8 ∈ [=], @ 8 : Ω→ {0, 1} is a function.

• a =
(
01 , . . . , 0=

′ )
such that for each 9 ∈ [=′], 0 9 : Ω → {0, 1} is a function.

Furthermore, a = Atoms(�(q)), so ∀ 8 ∈ [=] ∃ J(@ 8) ⊆ [=′] : @ 8 =
∑
9∈J(@8) 0

9
.

• p =
(
?1 , . . . , ?=

′ ) ∈ [0, 1]=′
Reconstruct(q, a, p):
for 8 ∈ [=]:

E 8 ← ∑
9∈J(@ 8) ?

9

return (E1 , . . . , E=)

Protocol 4: A subroutine of Protocol 3. Compute the evaluations for a collection of statistical

queries q with atoms a given evaluations p for the atoms.

7 Discussion and future work

In this paper, we have shown that Ω

(√
3
)
samples are necessary for PAC verifying a class of VC

dimension 3, and furthermore, for some classes $
(√
3
)
samples are sufficient. In contrast, [15,

Lemma 4.1] states that there also exist VC classes where the sample complexity for verification

is Ω̃(3) under the assumption that the verifier is proper (outputs a hypothesis from the class),

and we believe it is likely that there exist VC classes for which an Ω̃(3) lower bound holds for

every verifier.

Hence, it appears likely that the VC dimension does not characterize the sample complexity

of PAC verification. In that case, finding an alternative combinatorial quantity that does

characterize that sample complexity is an exciting open problem.

A potentially easier problem is to devise upper bounds (PAC verification protocols) for specific

classes of interest. For example, the main property of the thresholds class utilized in the proof

of Theorem 2.3 is that it has low ‘surface area’ or noise sensitivity (cf. [4]). Perhaps a similar

proof technique could apply to other classes as well.

Additionally, we introduced a notion of PAC verification of an algorithm. We believe this is

very natural definition, because many of the algorithms that people might like to delegate in

practice are not PAC learners, including unsupervised learning algorithms (e. g., clustering and

dimensionality reduction algorithms), and supervised algorithms that are not provably PAC

learners (e. g., neural networks trained via SGD). Devising PAC verification protocols for specific

algorithms of interest could be a rewarding endeavor.
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8 Appendix

8.1 Approximation algorithm for Vertex Cover

Assumptions:
• = ∈ ℕ, + = [=], � = (+, �) is an undirected graph.

GreedyVertexCover(�):

" ← ∅
for 4 ∈ � in lexicographic order: ⊲ Greedily construct a maximal matching

if ∀4′ ∈ " : 4 ∩ 4′ = ∅:
" ← " ∪ {4}

(← ⋃
4∈" 4

output (

Algorithm 1: A greedy 2-approximation algorithm for the vertex cover problem.

Claim 8.1. Let = ∈ ℕ, + = [=], and let � = (+, �) be an undirected graph. Let ( be the set that is
generated when executing GreedyVertexCover (Algorithm 1) on �. Then, ( is a valid vertex cover

for �, and |( | ≤ 2 · Opt, where Opt is the size of a minimum vertex cover of �.

Proof of Claim 8.1. Notice that every edge 4 ∈ � is either in " or adjacent to at least one edge in

" (otherwise, we would have added 4 to "). Hence, every edge in � is incident to at least one

vertex in (∪4∈" 4) = (. So ( is a vertex cover.

Let (∗ be a minimum vertex cover. Because (∗ is a vertex cover, every edge in " is incident to at

least one vertex in (∗. Because " is a matching, every edge in " is incident to a unique vertex

in (∗, namely, there exists an injective function " → (∗. Hence,
1

2
|( | = |" | ≤ |(∗ | = Opt. �

Claim 8.2. Let =, : ∈ ℕ, : ≥ 1, + = [=], and let �, �̃ ⊆
(+

2

)
be two sets of edges that differ by

at most : edges (|�Δ�̃ | ≤ :). Let " and "̃ be the maximal matchings that are generated when
executing GreedyVertexCover (Algorithm 1) on � = (+, �) and �̃ = (+, �̃), respectively. Then,
|"̃ | ≤ |" | + :.

Proof of Claim 8.2. We prove the claim by induction. For the base case, assume : = 1. Let 4∗

denote the unique edge that has changed, i. e., {4∗} = �Δ�̃. The decision in GreedyVertexCover

of whether to add an edge 4 to the matching " is made locally, based on whether any of the

edges adjacent to 4 are already included in". Hence, the collection"∗ = "̃Δ" of edges whose
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inclusion in the matching changed due to adding or removing the edge 4∗ has the property

that �∗ = (+, �∗) is a connected graph, where �∗ = "∗ ∪ {4∗}. Furthermore, if two edges

4 , 4′ ∈ �∗ share a vertex E ∈ 4 ∩ 4′, then at most one of 4 and 4′ can be in each matching, namely,

|{4 , 4′} ∩" | ≤ 1 and |{4 , 4′} ∩ "̃ | ≤ 1. Hence, the maximum degree in �∗ is at most 2, that is,

�∗ is a path or a cycle. Furthermore, �∗ is alternating. Namely, if �∗ = {41 , 42 , ..., 4C} such that

|48 ∩ 48+1 | = 1 for all 8 ∈ [C − 1], then "̃ is the set of odd-indexed edges in �∗ and " is the set of

even-indexed edges, or vice versa. Hence, |"̃ | ≤ |" | + 1. This concludes the base case : = 1.

For the induction step, assume the claim holds for : − 1. Let �′ ⊆
(+

2

)
be an “intermediate”

collection of edges such that |�Δ�′ | ≤ : − 1 and |�′Δ�̃ | ≤ 1. Let "′ be the matching generated

when running GreedyVertexCover on �′ = (+, �′). Then |"̃ | ≤ |"′ | + 1 ≤ |" | + :, where the

first inequality follows from the base case and the second inequality follows from the induction

hypothesis. Hence, the claim holds for :. �

Claim 8.3. Let =, : ∈ ℕ, + = [=], and let �, �̃ ⊆
(+

2

)
be two sets of edges that differ by at most : edges

(|�Δ�̃ | ≤ :). Let ( and (̃ be the vertex covers that are generated when executing GreedyVertexCover

(Algorithm 1) on � = (+, �) and �̃ = (+, �̃), respectively. Then, |(̃ | ≤ |( | + 2:.

Proof of Claim 8.3. Let " and "̃ be the maximal matchings that are generated when executing

GreedyVertexCover on � and �̃, respectively. Then

|(̃ | = 2|"̃ | ≤ 2(|" | + :) = |( | + 2:,

where the inequality follows from Claim 8.2. �

8.2 Computing the atoms of a set of statistical queries

Algorithm 2 below computes Atoms(�(q)), i. e., the atoms of a set of statistical queries q. It

assumes that there is an efficient procedure IsEmpty for checking whether the intersection of a

set of queries is empty, as in Claim 6.11.

Algorithm 2 runs in time $(=B), where = is the number of statistical queries and B is an upper

bound on the number of atoms, and makes $(=B) invocations of IsEmpty.

Proof hints for Claim 6.11. Correctness of the algorithm is not hard to see by induction on the

number = of queries. For the running time, note that the set � will never contain more than B

elements, and so the runtime and number of invocations of IsEmpty are at most $(=B). �

Remark 8.4. Note that there are simple classes of functions that do not have an efficient procedure

IsEmpty (unless P = NP). For instance, consider the class of all functions {0, 1}: → {0, 1} that
are an OR clause with three literals, i. e., 5 (G) = ℓ1 ∨ ℓ2 ∨ ℓ3 where ℓ8 = G 9 or ℓ8 = (1− G 9) for some

9 ∈ [:]. Deciding whether the intersection of such functions 5 is empty is equivalent to solving

the UnSAT problem for 3-CNFs, which is CoNP-complete. �
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Assumptions:
• = ∈ ℕ, Ω is a set.

• Q is a collection of function Ω→ {0, 1}.
• IsEmpty is a procedure for testing whether the intersection of a set of functions

from Q is empty, as in Claim 6.11.

• q =
(
@1 , . . . , @=

)
∈ Q= .

ComputeAtoms(q):

�← {1Ω}
for 8 ∈ [=]:

�′← ∅
for 0 ∈ �:

if IsEmpty(0, @ 8) ∨ IsEmpty(0, 1 − @ 8)
�′← �′ ∪ {0}

else
�′← �′ ∪ {0@ 8 , 0(1 − @ 8)}

�← �′

output �

Algorithm 2: An algorithm for computing the atoms of a set of statistical queries.

8.3 Concentration of measure

Theorem 8.5 (Hoeffding [19]). Let 0, 1, � ∈ ℝ and < ∈ ℕ. Let /1 , . . . , /< be a sequence of i.i.d.
real-valued random variables and let / = 1

<

∑<
8=1
/8 . Assume that E[/] = �, and for every 8 ∈ [<],

ℙ[0 ≤ /8 ≤ 1] = 1. Then, for every � > 0,

ℙ[|/ − �| > �] ≤ 2 exp

(
−2<�2

(1 − 0)2

)
.

8.4 Le Cam’s method

The following is a simple instantiation of Le Cam’s method for proving a lower bound for

hypothesis testing. This version is similar to [11, Proposition 2.3.1]. More advanced versions

can be found in [37, Lemma 1], and in [23, Chapter 16].

Claim 8.6. Let Ω be a set, and let P0 ,P1 ∈ Δ(Ω) be distributions. Let ) be a (possibly randomized)
mapping Ω→ {0, 1}. Let

error()) = max

{
ℙ/∼P0

[)(/) = 1],ℙ/∼P1
[)(/) = 0]

}
.
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Then

error()) ≥ 1

2

(1 − TV(P0 ,P1)) .
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